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The de Rham-Federer Theory of Differential Characters
and Character Duality
by
Reese Harvey, Blaine Lawson, and John Zweck1
Abstract
In the first part of this paper the theory of differential characters
is developed completely from a de Rham - Federer viewpoint. Characters
are defined as equivalence classes of special currents, called sparks, which
appear naturally in the theory of singular connections. As in de Rham -
Federer cohomology, there are many different spaces of currents which yield
the character groups. The fundamental exact sequences in the theory are
easily derived from methods of geometric measure theory. A multiplication
of de Rham-Federer characters is defined using transversality results for flat
and rectifiable currents established in the appendix. It is shown that there is
a natural equivalence of ring functors from de Rham - Federer characters to
the classical Cheeger-Simons characters given, as in de Rham cohomology, via
integration. This discussion rounds out the approach to differential character
theory introduced by Gillet-Soule´ and Harris.
The groups of differential characters have an obvious topology and
natural smooth Pontrjagin duals (introduced here). It is shown that the
dual groups sit in two exact sequences which resemble the fundamental ex-
act sequences for the character groups themselves. They are essentially the
smooth duals of the fundamental sequences with roles interchanged.
A principal result here is the formulation and proof of duality for
characters on oriented manifolds. It is shown that the pairing
(a, b) 7→ a ∗ b([X ])
given by multiplication and evaluation on the fundamental cycle, gives an
isomorphism of the group of differential characters of degree k with the dual
to characters in degree n− k− 1 where n = dim(X). A number of examples
are examined in detail.
It is also shown that there are natural Thom homomorphisms for dif-
ferential characters. In fact, given an orthogonal connection on an oriented
vector bundle π : E → X , there is a canonical Thom spark γ on E which
generates the Thom image as a free module over the characters on X . One
has dγ = τ − [X ] where τ is a canonical Thom form on E. Under the two
basic differentials in the theory, the Thom map becomes the usual ones in de
Rham theory and in integral cohomology. Gysin maps are also defined for
differential characters.
Many examples including Morse sparks, Hodge sparks and character-
istic sparks are examined in detail.
1Research of all authors was partially supported by the NSF
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§0. Introduction. In 1973 Jim Simons and Jeff Cheeger introduced the rings
of differential characters and used them, among other things, to give an important
generalization of the Chern-Weil homomorphism [S], [CS]. Their theory constituted
a vast generalization of the Chern-Simons invariant, and was applied to prove strik-
ing global non-conformal-immersion theorems in riemannian geometry. The theory
also gave rise to new invariants for flat connections, and provided an insightful
derivation of the whole family of foliation invariants due to Godbillon-Vey, Heitsch,
Bott and others.
The first part of this paper presents a self-contained formulation of the theory
of differential characters based on special currents, called sparks, which appear in
the study of singular connections. This approach can be thought of as a de Rham
- Federer theory of differential characters in analogy with de Rham - Federer
cohomology theories. Such formulations are originally due to Gillet-Soule´ [GS1]
and B. Harris [H]. Our discussion presents, rounds out, and unifies their work.
It is of course always useful to have distinct representations of the same theory,
and there are many advantages of the de Rham - Federer viewpoint. One sees, for
example, that the differential character groups carry a natural topology. One also
finds that in many ways differential characters behave like a homology-cohomology
theory. A striking instance is that differential characters obey a Poincare´-type
3Duality (a main result of this paper) — that is, on an oriented n-manifold, taking ∗-
product and evaluating on the fundamental cycle identifies the compactly supported
characters of degree k with the smooth Pontrjagin dual of the group of characters
of degree n − k − 1. That one should consider Pontrjagin duals when dealing
with differential characters is a key point in this result. The theory of differential
characters also carries Thom homomorphisms, Gysin mappings, and certain relative
long exact sequences. There is also an Alexander-Lefschetz-type Duality Theorem.
(This and the long exact sequences will be treated in a separate paper.)
A spark on a manifold X is a de Rham current a whose exterior derivative can
be decomposed as
(0.1) da = φ−R
where φ is a smooth form and R is integrally flat.2 Such objects arise quite natu-
rally. Suppose for example that E → X is a smooth oriented vector bundle with
connection, and α is a section with non-degenerate zeros Div(α). Pulling down the
classical Chern transgression gives a canonical L1loc-form τ with dτ = χ(Ω)−Div(α)
where χ(Ω) is the Weil polynomial in the curvature which represents the Euler class
of E. Quite general formulas of this type are derived systematically in [HL1−4].
A basic fact is that the decomposition (0.1) is unique. Consequently, every spark
has two differentials: d1a = φ and d2a = R. Two sparks a1 and a2 are defined to
be equivalent if a1 = a2+db+S where b is any current and S is integrally flat. The
spark equivalence classes define the space of characters ÎH
∗
(X), and the differentials
d1 and d2 yield the two fundamental exact sequences
0 −→ ÎH
k
∞(X) −→ ÎH
k
(X)
δ2−→ Hk+1(X,Z) −→ 0.
0 −→ Hk(X,S1) −→ ÎH
k
(X)
δ1−→ Zk+10 (X) −→ 0.
in the theory. (See 1.11 and 1.12.)
In the classical case of de Rham - Federer cohomology there are many spaces
of currents which represent the same functor.3 Analogously we show in §2 that
there are many spaces of sparks which under suitable equivalence yield differential
characters. For example, one can restrict a to be flat and R to be rectifiable, or
one can restrict a to be a form with L1loc-coefficients and R to be a smooth singular
chain. This flexibility is quite useful in practice.
In §3 we introduce a product, denoted ∗, on differential characters using a ba-
sic “exterior/intersection” product on currents. The generic existence of this ex-
terior/intersection product itself constitutes a new result which is essentially a
transversality theorem for flat and rectifiable currents. The proof, which
2A current is integrally flat if it can be written as R+dS where R and S are
rectifiable.
3For example, H*(X;R) can be represented as the cohomology of all currents, or
of normal currents, or of flat currents, or of smooth currents. Similarly, H*(X;Z)
can be represented by integral currents, or by integrally flat currents, or by the
currents induced by smooth singular chains, etc..
4combines certain geometric arguments with Federer slicing theory, is given in the
appendix.
We remark that defining products at the chain/cochain-level in topology is al-
ways problematical, and the intersection theory for currents in Appendix B should
have considerable independent interest.
In §4 we exhibit an equivalence of functors from deRham-Federer characters to
the classical Cheeger-Simons theory. As in the cohomology analogue, this equiv-
alence is essentially given by integration over cycles (or “spark holonomy”). It is
then shown that our intersection ∗-product agrees with the product introduced by
Cheeger on differential characters [C]. Thus the equivalence is an equivalence of
ring functors.
From our point of view it is natural to consider the smooth characters namely
those which are representable by sparks which are smooth forms. The space of
smooth characters is exactly the kernel of the differential δ2. The characters also
naturally inherit a topology, and this ideal of smooth characters is exactly the
connected component of 0 in this topology.
The form φ in equation (0.1) could be considered the “curvature” of the spark
a, and in this sense the kernel of δ1 consists of the “curvature-flat” sparks.
One of the main new results here is the establishment of a Poincare´-Pontrjagin
duality for differential characters. We preface this result by showing that taking
Pontrjagin duals carries the two fundamental exact sequences above into strictly
analogous sequences with roles reversed. We then prove that if X is compact and
oriented, the pairing
ÎH
n−k−1
(X)× ÎH
k
(X) −→ S1
given by
(a, b) 7→ a ∗ b([X ])
is non-degenerate. In fact, the resulting mapping
ÎH
n−k−1
(X) −→ Hom
(
ÎH
k
(X), S1
)
into continuous group homomorphisms has dense range consisting exactly of the
smooth homomorphisms (See §6). In §7 we exhibit a number of examples of this
duality on standard spaces.
In §8 we introduce characters with compact support. This allows us to extend
duality to non-compact manifolds. There are in fact further extensions. On mani-
folds with boundary there is a Lefschetz-Pontrjagin Duality Theorem [HL6]. There
is also a general result of Alexander duality type.
The sparks studied here appear often in topology and geometry. They play a
fundamental role in Morse Theory (See §11.) They also appear in the Hodge decom-
position of rectifiable cycles on a riemannian manifold. From this we introduce a
notion of linear equivalence on rectifiable cycles and define riemannian “Abel-Jacobi
mappings” which strictly generalize the well-known maps from Ka¨hler geometry.
(See §12.) On 3-manifolds these maps appear in the work of Chatterjee [Cha]
and in Hitchin’s discussion of special Lagrangian cycles and the mirror symmetry
conjecture [Hi].
5Sparks are also central in the theory of singular connections developed in [HL1−4].
In this theory they appear as canonical transgression forms T with dT = Φ − Σ
where Φ is a smooth “geometric” form (typically a Chern-Weil characteristic form)
and Σ is an integrally flat cycle (typically defined by the singularities of a mapping).
For example, on the total space of an oriented bundle E → X with orthogonal
connection, there is a canonical Thom spark γ with dγ = τ − [X ] where τ is the
canonical Thom form [HL1, IV] and [X ] is the 0-section in E. Taking ∗-product
with γ defines a Thom homomorphism for characters with the property that δ1 and
δ2 transform it to the classical Thom mappings. (See §9.) This leads to general
Gysin maps in the theory. (See §10.)
For a complex bundle F → X with unitary connection there are Chern sparks
Ck with
dCk = ck(Ω)− IDk
on X where ck(Ω) is the kth Chern characteristic form and IDk is the linear depen-
dency current of a set of cross-sections of F . For a real bundle F with orthogonal
connection there are similar Pontrjagin-Ronga sparks associated to rank-2 degen-
eracies, and if F is oriented, there are Euler sparks Xα associated to any atomic
section α and satisfying: dXα = χ(Ω) − Div(α). More generally to a bundle map
α : E → F there are Thom-Porteous sparks Tk with dTk = TPk(Ω
F ,ΩE)− [Σk(α)]
where Σk(α) is the kth degeneracy locus of α and TP is the kth Thom-Porteous
class expressed canonically in the curvatures of E and F . In each of these cases the
character represented by the spark is independent of the sections (or bundle maps)
involved. It is exactly the “characteristic character” defined by Cheeger-Simons in
[CS]. This is elaborated in §13.
In low degrees differential characters have special interpretations, and so do
the underlying sparks. A character of degree 0 corresponds to a smooth mapping
f : X → S1 and its associated sparks are the functions f˜ : X → R in L1loc(X) with
f˜ ≡ f (mod Z). A character of degree 1 corresponds to a complex line bundle E
with unitary connection up to gauge equivalence, and underlying sparks are given
by pairs (E, σ) where σ is an atomic section of E. In degree 2 sparks are related
to “gerbes with connection”. This is discussed in §16 and will be treated in greater
detail in a forthcoming paper [HL7].
In this sequel [HL7] we shall present an expanded approach to differential char-
acters which involves a double Cˇech-deRhamCurrent complex of hypersparks.
The theory is strikingly parallel to the one presented here (and, in fact, con-
tains it). There is an equation analogous to the spark equation (0.1), and there
is an equivalence relation, leading to characters, which generalizes the one given
here. The sparks are contained in the hypersparks as a “full-subtheory” yielding
an isomorphism at the level of characters. However, there are other interesting
full-subtheories. For example, the subgroup of smooth hypersparks which are
directly related to gerbes with connection ([Hi], [Br]).
Throughout this paper all manifolds are assumed to be oriented.
The authors would like to thank the referee for a number of helpful comments and
in particular for suggesting that we give an expanded discussion of gerbes. We are
also grateful to Chris Earles for pointing out a much better version of Proposition
1.16.
6The second author would like to express gratitude to IHES and the Clay Math-
ematics Institute for partial support during the preparation of this work.
§1. De Rham - Federer characters. In this section we introduce and examine
certain equivalence classes of special currents called sparks. We shall see later that
our set of classes is naturally isomorphic to the Cheeger-Simons space of differential
characters.
Let X be a smooth oriented manifold of dimension n (not necessarily compact).
We adopt the following notation as in [deR]. Let Ek(X) denote the space of smooth
differential k-forms on X with the C∞-topology. By Dk(X) we mean the smooth
k-forms with compact support on X . By the space of currents of degree k (and
dimension n− k) on X we mean the topological dual space
D′
k
(X) ≡ D′n−k(X)
def
=
{
Dn−k(X)
}′
.
Note that D′∗(X) is a complex under d′, the dual of d. The forms E∗(X) embed
in the currents D′∗(X) by associating to a k-form ϕ the degree-k current, also
denoted by ϕ, given by ϕ(ψ) =
∫
ϕ ∧ ψ for ψ ∈ Dn−k(X). On this subspace
d′ = (−1)n−k+1d, and thereby d extends to all of D′k(X). The following subspaces
of currents are defined in Federer [F].
EkL1
loc
(X) = the k-forms with L1loc-coefficients on X
Rk(X) = the locally rectifiable currents of degree k (dimension (n− k)) on X
Fk(X) = the locally flat currents of degree k on X
IFk(X) = the locally integrally flat currents of degree k on X
In what follows the word locally will often be supressed. We recall that:
(1.1)
Fk(X) = {φ+ dψ : φ ∈ EkL1
loc
(X) and ψ ∈ Ek−1
L1
loc
(X)}
IFk(X) = {R + dS : R ∈ Rk(X) and S ∈ Rk−1(X)}
We now introduce a space of currents which appears naturally in geometry and
analysis (cf. [BC1,2], [GS1−4], [BGS], [HL1−4], [HZ1,2]).
Definition 1.2. The space of sparks of degree k on X is defined to be
Sk(X) ≡ {a ∈ D′
k
(X) : da = φ−R where φ ∈ Ek+1(X) and R ∈ IFk+1(X)}
Lemma 1.3. For a ∈ Sk(X) the decomposition of da into smooth plus integrally
flat is unique, i.e., if da = φ − R = φ′ − R′ where φ, φ′ are smooth and R,R′ are
integrally flat, then φ = φ′ and R = R′.
Proof. It suffices to show that
(1.4) Ek+1(X) ∩ IFk+1(X) = {0},
7i.e., if a current T is both smooth and integrally flat, then T = 0. If T is smooth,
then it has finite mass. By [F, 4.2.16(3), p. 413] any integrally flat current of finite
mass is rectifiable. Thus T is both smooth and rectifiable. Since T is smooth, its
(n− k − 1)-density Θ(‖T‖, x) = 0 for all x ∈ X . However, for a rectifiable current
T , one has Θ(‖T‖, x) ≥ 1 for ‖T‖-almost all x (cf. [F, 4.1.28, p. 384]). Thus ‖T‖
and hence T vanish. 
For any spark a ∈ Sk(X) with decomposition da = φ − R as in Lemma 1.3 we
define
d1a = φ and d2a = R.
Lemma 1.5. Let a ∈ Sk(X) be a spark. Then d1a = φ is a smooth d-closed
differential form with integral periods and d2a = R is an integrally flat cycle.
Proof. Since da = φ−R, the current dφ = dR is both smooth and integrally flat.
Hence,
dφ = dR = 0
by (1.4). Since R has integral periods and φ is cohomologous to R, φ also has
integral periods. 
Motivated by the comparison formula for euler sparks [HZ2] (and, of course,
Cheeger-Simons) we define an equivalence relation on the space of sparks.
Definition 1.6. For each integer k, 0 ≤ k ≤ n we define the group of de Rham
- Federer characters of degree k to be the quotient
ÎH
k
(X)
def
= Sk(X)/
{
dD′
k−1
(X) + IFk(X)
}
The equivalence class in ÎH
k
(X) of a spark a ∈ Sk(X) will be denoted by 〈a〉 or â.
We also set
ÎH
−1
(X)
def
= Z
with generator I satisfying d1I = 1 and d2I = [X ] = 1. Note that (1.4) fails for
k = −1.
Suppose a and a¯ are equivalent sparks; i.e. a¯ = a + db − S, with b ∈ D′k−1(X)
and S ∈ IFk(X). If da = φ−R then
(1.7) da¯ = φ− (R + dS).
Let Zk+10 (X) denote the lattice of smooth d-closed, degree k + 1 forms on X with
integral periods. Also, given a cycle R ∈ Rk+1(X), let [R] denote its class in
Hk+1(X,Z).
Lemma 1.8. The maps
δ1 :ÎH
k
(X)→ Zk+10 (X) and
δ2 :ÎH
k
(X)→ Hk+1(X,Z)
given by δ1(〈a〉)
def
= φ and δ2(〈a〉)
def
= [R] are well defined surjections.
8Proof. Lemma 1.5 and (1.7) imply that δ1 and δ2 are well defined. Surjectivity is
a direct consequence of the fundamental isomorphisms
(1.9) H∗(D′
∗
(X)) ∼= H∗(X ; R) and H∗(IF∗(X)) ∼= H∗(X ; Z)
due to de Rham [deR] and Federer (cf. [HZ1]) respectively. 
Definition 1.10. A differential character is said to be smooth if it can be rep-
resented by a smooth differential form. That is, the space ÎH
k
∞(X) of smooth
characters of degree k on X is the image of the smooth forms Ek(X) in ÎH
k
(X).
Note the natural isomorphism
ÎH
k
∞(X)
∼= Ek(X)/Zk0 (X)
To see this suppose a ∈ Ek(X) represents the 0-character. Then a = db+ S where
S is integrally flat. Thus b is a spark, and so a ∈ Zk0 (X) by Lemma 1.5.
Proposition 1.11. There is a short exact sequence
(A) 0 −→ ÎH
k
∞(X) −→ ÎH
k
(X)
δ2−→ Hk+1(X,Z) −→ 0.
Proof. If 〈a〉 ∈ ÎH
k
(X) is represented by a smooth spark a ∈ Ek(X), then da is
smooth and so δ2(〈a〉) = 0. Conversely, suppose da = φ −R as in 1.5 and [R] = 0
in Hk(X,Z). Then R = dS with S ∈ IFk(X) and hence d(a+S) = φ. This proves
that [φ] ∈ Hk+1(X,R) vanishes. Therefore, by de Rham there exist a smooth
ψ ∈ Ek(X) with dψ = φ. Since a+S−ψ is d-closed, the class of a+S−ψ inHk(X,R)
is represented by a smooth d-closed form η ∈ Ek(X). That is, a + S − ψ = η + db
for some b ∈ D′k−1(X). The equivalent spark a¯ = a+ S − db = ψ + η representing
〈a〉 is smooth. This proves that the sequence is exact. 
Proposition 1.12. There is a short exact sequence
(B) 0 −→ Hk(X,S1) −→ ÎH
k
(X)
δ1−→ Zk+10 (X) −→ 0.
Proof. In keeping with our de Rham - Federer approach we give the following
representation of H∗(X ; S1) in terms of currents:
(1.13) Hk(X,S1) ∼=
{a ∈ D′k(X) : da ∈ IFk+1(X)}
dD′k−1(X) + IFk(X)
.
To prove this, consider the commutative diagram of sheaves on X :
0 −→Z −→ IF0
d
−→ IF1
d
−→ IF2
d
−→ · · · .
↓ ↓ ↓ ↓
0 −→R −→ D′
0 d
−→ D′
1 d
−→ D′
2 d
−→ · · · .
9The rows are acyclic resolutions of the constant sheaves Z and R respectively (cf.
[HZ1]). (This fact establishes the isomorphisms (1.9) above.) Taking the quotient
we deduce from general arguments that
0 −→ R/Z −→ D′
0
/IF0
d
−→ · · ·
is an acyclic resolution of the constant sheaf S1 = R/Z, and therefore (1.13) holds.
To prove Proposition 1.12 it suffices by Lemma 1.8 to show that ker(δ1) ∼=
H1(X,S1). Since δ1(〈a〉) = φ = 0 if and only if da = −R ∈ IF
k+1(X), equation
(1.13) shows that kernel δ1 = H
k(X,S1) as desired. 
Consider the direct sum of the maps δ1 and δ2 as a single map δ. Define
Qk(X) = {(φ, u) ∈ Zk0 (X)×H
k(X,Z) : [φ] = u⊗R in Hk(X,R)}.
Following Cheeger-Simons this should be denoted Rk(X). We have changed the
notation to avoid confusion with the space of rectifiable currents.
Proposition 1.14. There is a short exact sequence
0 −→
Hk(X ; R)
Hkfree(X ; Z)
−→ ÎH
k
(X)
δ
−→ Qk+1(X) −→ 0,
Proof. To see that δ is surjective consider a pair (φ, u) ∈ Qk+1(X) and choose
an integrally flat cycle R with [R] = u. Then φ − R is a d-closed current whose
de Rham cohomology class is zero. By [deR] the cohomology of currents agrees
with the real standard cohomology of X . Hence, there exists a current a with
da = φ−R, and surjectivity is proved. Suppose now that a ∈ Sk(X) and δ(〈a〉) = 0.
Then da = dS for some integrally flat current S. Let a denote the equivalent d-
closed spark a˜ = a − S. Suppose a′ is another d-closed spark in the spark class
〈a˜〉 ∈ ÎH
k
(X). Then a′ = a˜ + db + S0 with S0 integrally flat. Since a and a
′ are
d-closed, S0 must be a cycle. Thus we see that [a˜] ∈ H
k(X,R) is determined by
the class 〈a〉 ∈ ÎH
k
(X) exactly up to translations by the subgroup Hkfree(X ; Z)
generated by the integrally flat cycles. 
Remark 1.15. Via 1.14 the group of differential characters carries a natural
topology coming from the C∞-topology on forms in Zk+10 (X) and the standard
topology on the torusHk(X ; R)/Hkfree(X ; Z). In this topology we see that ÎH
k
∞(X)
is the connected component of 0, and the sequence (1.11) can be reinterpreted as
the sequence obtained by dividing by this component.
The decompositions (A) and (B) given above can be further refined by restricting
δ1 to kernel δ2 = ÎH
k
∞(X) and δ2 to kernel δ1 ≡ H
k(X,S1) and then also decom-
posing the images. This leads to a large diagram where (A) and (B) are the central
column and row respectively.
10
Proposition 1.16. The following diagram commutes, and each row and column
is exact
0 0 0y y y
0 −−−−→ H
k(X,R)
Hk
free
(X,Z)
−−−−→ ÎH
k
∞(X)
δ1−−−−→ dEk(X) −−−−→ 0y y y
0 −−−−→ Hk(X,S1) −−−−→ ÎH
k
(X)
δ1−−−−→ Zk+10 (X) −−−−→ 0
δ2
y δ2y y
0 −−−−→ Hk+1tor (X,Z) −−−−→ H
k+1(X,Z) −−−−→ Hk+1free (X,Z) −−−−→ 0y y y
0 0 0
Proof. In the top row and in the left column the kernel clearly coincides with the
kernel of δ, given by the torus in Proposition 1.14. The surjectivity of δ1 in the top
row is immediate. The surjectivity of δ2 in the left column follows directly from
the long exact sequence based on 0 → Z → R → S1 → 0. However, we include
a proof using the de Rham-Federer representation (1.13). Note first that if 〈a〉 ∈
Hk(X,S1) = kernel(δ1), then da = −R ∈ IF
k+1(X) and hence [R] ∈ Hk+1tor (X,Z).
Conversely, if u ∈ Hk+1tor (X,Z) has representative R ∈ IF
k+1(X), then the equation
da = −R can be solved with a ∈ D′k(X). The exactness of the bottom row and
right column are obvious. The commutativity of the diagram is straightforward to
verify. 
§2. Isomorphisms of de Rham - Federer type. Among the deepest and most
useful theorems of Federer and de Rham are those which assert that ordinary coho-
mology groups on a manifold can be computed in many ways as the cohomology of
distinct complexes of currents. In this section we prove analogous results for differ-
ential characters, namely, we show that ÎH
∗
(X) has several equivalent definitions
whose interchangeablity is often useful in practice.
The definition of ÎH
k
(X) given in §1 used a “maximal” set of representatives.
We begin by examining a nearly “minimal” set. Let C˜k(X) ⊂ D′k(X) denote the
currents defined by locally finite sums of C∞ singular (n − k)-chains on X (the
current chains of de Rham [deR]). Note that
C˜k(X) ⊂ Rk(X) ⊂ IFk(X).
Definition 2.1.
Skmin(X) ≡
{
a ∈ EkL1
loc
(X) : da = φ−R where φ ∈ Ek+1(X) and R ∈ C˜k+1(X)
}
11
ÎH
k
(X)min ≡ S
k
min(X)/
[
dEk−1
L1
loc
(X) + C˜k(X)
]
0
where by definition V/[W ]0 = V/(W ∩ V ) for subspaces V and W of D
′k(X).
Proposition 2.2. The inclusion Skmin(X) ⊂ S
k(X) induces an isomorphism of
quotients
ÎH
k
(X)min ∼= ÎH
k
(X)
Proof. We first prove surjectivity. Suppose σ ∈ D′k(X), with dσ = φ − R with
dR = dφ = 0 as in 1.5. Since H∗(C˜∗(X)) ∼= H∗(IF(X)), the class of R is repre-
sented by a chain C ∈ C˜k+1(X), i.e., R = dS + C, with S ∈ IFk(X). Note that
σ + S ∼= S in ÎH
k
(X) and d(σ + S) = φ − C. Since H∗(F∗(X)) ∼= H∗(D′
∗
(X))
and φ−C ∈ Fk+1(X) represents the zero class in H∗(D′k+1(X)), we can solve the
equation df = φ− C with f ∈ Fk(X). Now the current σ + S − f is d-closed and
therefore modulo dD′k−1(X) it is represented by a flat current. That is, we have
σ + S − f = g + dα
for some g ∈ Fk(X) and some α ∈ D′k−1(X). Hence, the current σ˜ = σ + S − dα
is flat and represents the same class as σ in ÎH
k
(X).
Now by (1.1) the flat current σ˜ can be written as σ˜ = h + dℓ where h and ℓ
are forms with L1loc-coefficients. Thus h ∈ E
k
L1
loc
(X) represents the same class as
σ˜ in ÎH
k
(X). Since dh = φ − C with C ∈ C˜k+1(X), we have [h] ∈ Skmin(X) and
surjectivity is proved.
We now prove injectivity. Consider h ∈ Ek
L1
loc
(X) with dh = φ − C where φ
is smooth and C ∈ C˜k+1(X). Suppose that h = dα + R with α ∈ D′
k−1
(X)
and R ∈ IFk(X), i.e., suppose that h represents the zero class in ÎH
k
(X). Then
dR = dh = φ− C. By (1.4) this implies that φ = 0 and dR = −C. Since
(2.3) H∗(C˜∗(X)) ∼= H∗(IF∗(X)),
there exist a chain K1 ∈ C˜
k(X) satisfying dK1 = C. Therefore R +K1 is d-closed
and integrally flat. Again using (2.3) we see that the class of R+K1 is represented
by a chain K2, i.e., R +K1 = dS +K2 with S ∈ IF
k−1(X) and K2 ∈ C˜
k(X). Set
C′ ≡ K1 −K2. Then h+ C
′ represents the same class as h ∈ ÎH
k
(X)min, and
h+ C′ = dα+R +K1 −K2
= d(α+ S),
with α+S ∈ D′k−1(X). Since H∗(F∗(X)) ∼= H∗(D′
∗
(X)), we have h+C′ = dT for
T ∈ Fk−1(X). Finally by (1.1) we have T = f + dg where f and g are forms with
L1loc-coefficients, and so h + C
′ = df with f ∈ Ek−1
L1
loc
(X). This proves that [h] = 0
in ÎH
k
(X)min. 
In practice the most useful spaces of representatives for differential characters
are the following. (See [HL1−4], [HZ1,2] for example.)
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Definition 2.4.
ÎH
k
(X)0 =
{a ∈ Ek
L1
loc
(X) : da = φ−R, φ is smooth and R is rectifiable}
[dEk−1
L1
loc
(X) +Rk(X)]0
ÎH
k
(X)1 =
{a ∈ Fk(X) : da = φ−R, φ is smooth and R is rectifiable}
[dFk−1(X) +Rk(X)]0
ÎH
k
(X)2 =
{a ∈ Ek
L1
loc
(X) : da = φ− I, φ is smooth and I is integrally flat}
[dEk−1
L1
loc
(X) + IFk(X)]0
ÎH
k
(X)3 =
{a ∈ Fk(X) : da = φ− I, φ is smooth and I is integrally flat}
dFk−1(X) + IFk(X)
where by definition V/[W ]0 = V/(W ∩V ) for subspaces V and W of F
k(X). There
is a natural commutative diagram of homomorphisms:
(2.5)
ÎH
k
(X)1
ր ց
ÎH
k
(X)min −−−−→ ÎH
k
(X)0 ÎH
k
(X)3 −−−−→ ÎH
k
(X)
ց ր
ÎH
k
(X)2
Proposition 2.6. All the mappings in diagram (2.5) are isomorphisms.
Proof. Surjectivity is immediate from 2.2. Injectivity is straightforward to check.

Note 2.7 An integral current is by definition a rectifiable current whose bound-
ary is also rectifiable. Thus in Definition 2.4, “rectifiable” can be everywhere re-
placed by “integral” (in both the numerators and the denominators).
Note 2.8 (concerning topologies). As pointed out in 1.15, the group ÎH
∗
(X)
carries a natural topology for which the homomorphisms δ1 and δ2 are continuous.
However this topology is far from being a quotient of any of the standard topologies
on the representing spaces of currents discussed above. To see this consider the
following basic examples of sparks. Let R be a rectifiable cycle of degree k on X ,
and let HǫR, 0 < ǫ < 1 be Federer’s family of smoothing homotopies [F; 4.1.18].
Then HǫR satisfies the spark equation
d(HǫR) = Rǫ −R
where Rǫ is a smooth k-form and
M(Rǫ) ≤M(R) and M(HǫR) ≤ ǫM(R)
whereM(•) denotes the mass norm. Clearly HǫR −→ 0 as ǫ→ 0, and so dHǫR −→
0 by continuity. However, δ1(HǫR) = Rǫ and δ2(HǫR) = R do not converge to 0.
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The topology on sparks which does descend to the topology on characters comes
from the embedding i× d1 × d2 : S
∗(X)→ D′∗(X)× E∗+1(X)× IF∗+1(X).
We note that Federer defines his smoothing homotopies only in RN . However,
they are easily transferred to any manifold X by embedding it in RN , smoothing
the cycle in a tubular neighborhood and then projecting back to X .
Remark 2.9 (functoriality). The contravariant functoriality of differential
characters is an immediate consequence of Theorem 4.1 below. However, this pull-
back map can be constructed directly on the de Rham-Federer characters. In fact
for a projection map π : X × Y → Y there is a well-defined pull-back mapping
on sparks which descends to a pull-back π∗ on characters. For a general mapping
f : X → Y between manifolds we would like to define the pull-back of a spark a on
Y by the formula
(2.10) f∗a = π′∗ (π
∗a ∧ [Γf ])
where π′ : X × Y → X is projection and Γf ⊂ X × Y is the graph of f . The in-
tersection theory of Appendices A and B shows that given a this is well defined for
almost all f . Furthermore, for fixed f , it is well defined for arbitrarily small defor-
mations of π∗a on the product. This is enough to give the pull-back on characters.
The details are given in the following paragraphs.
Consider first the projection map π : X × Y → Y , and note that push-forward
(integration over the fibre) takes smooth forms with compact support on X × Y to
smooth forms with compact support on Y . Hence there is a well defined pull-back
on currents. Now let a ∈ Sk(X) be an L1loc-spark with da = φ−R as in 1.5. Then it
is sraightforward to see that the pull-backs π∗a, π∗φ, and π∗R are L1loc, smooth and
rectifiable respectively, and satisfy the equation dπ∗a = π∗φ− π∗R. Hence there is
a well-defined mapping π∗ : Sk(Y ) → Sk(X × Y ) Furthermore, if a′ = a + db + S
where S is rectifiable, then π∗a′ = π∗a + dπ∗b + π∗S, from which we see that our
map on sparks determines a mapping of characters π∗ : ÎH
k
(Y )→ ÎH
k
(X × Y )
We now show that for any character α ∈ ÎH
k
(X ×Y ), there are sparks a ∈ α (in
fact a dense set of them) with the property that a∧ [Γf ] is well-defined flat current,
and R ∧ [Γf ] is a well-defined rectifiable current, where da = φ − R as above. To
start fix any L1loc-spark a0 ∈ α. By Appendices A and B there is a diffeomorphism
F of X×Y , which can be taken arbitrarily close to the identity in the C1-topology,
such that F∗a0 ∧ Γf is a well-defined flat current, and F∗R0 ∧ Γf is a well-defined
rectifiable current where da0 = φ0 −R0 as always. By de Rham-Federer theory we
have φ0−F∗φ0 = dψ where ψ is smooth and R0−F∗R0 = dS where S is rectifiable.
Since d(a0 − F∗a0 − ψ + S) = 0, de Rham-Federer theory implies the existence of
a smooth k-form η and a flat current b such that a0 − F∗a0 − ψ+ S = η + db. The
spark a = F∗a0 + ψ + η, which is equivalent to a0, does the trick.
Taking π′∗(a∧Γf ), where π
′ : X ×Y → X is projection, gives a spark on X . We
claim that the associated character is independent of the choice of “good” spark a for
α as above. Indeed if a′ is another good spark, then by definition of the equivalence,
a − a′ = dc + T where T is rectifiable. We again deform by a diffeomorphism F
so that the deformed currents all meet Γf properly using Appendices A and B,
and then we readjust F∗a and F∗a
′ as in the last paragraph. Intersecting with
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Γf and pushing down to X shows that the two sparks are equivalent. Thus we
get a well-defined map Γ∗f : ÎH
k
(X × Y ) → ÎH
k
(X). Composition with π∗ gives a
homomorphism f∗ : ÎH
k
(Y )→ ÎH
k
(X).
The proof that (f ◦ g)∗ = g∗ ◦ f∗ is straightforward.
§3. Ring structure. In this section we introduce a densely defined product on
sparks which descends to characters and makes ÎH
∗
(•) into a graded-commutative
ring. We begin with the following Proposition which is proved in Appendix D.
Proposition 3.1. Given classes
α ∈ ÎH
k
(X) and β ∈ ÎH
ℓ
(X).
there exist representatives a ∈ α and b ∈ β with
da = φ−R and db = ψ − S
so that a ∧ S, R ∧ b and R ∧ S are well-defined flat currents on X and R ∧ S is
rectifiable.
Definition 3.2. Given a and b as in Proposition 3.1, define products
(3.3)
a ∗ b
def
= a ∧ ψ + (−1)k+1R ∧ b
a∗˜b
def
= a ∧ S + (−1)k+1φ ∧ b
and note that by (B.3)
(3.4) d(a ∗ b) = d(a∗˜b) = φ ∧ ψ − R ∧ S.
Theorem 3.5. The classes 〈a ∗ b〉 and 〈a∗˜b〉 in ÎH
k+ℓ+1
(X) agree and are inde-
pendent of the choice of representatives a ∈ α and b ∈ β. Setting
α ∗ β
def
= 〈a ∗ b〉 = 〈a∗˜b〉
gives ÎH
∗
(X) the structure of a graded commutative ring with unit such that δ is
a ring homomorphism.
Proof. To see that the two definitions agree first note that
a ∗ b− a∗˜b = a ∧ ψ + (−1)k+1R ∧ b−
{
a ∧ S + (−1)k+1φ ∧ b
}
= a ∧ (ψ − S) + (−1)k(φ−R) ∧ b
= a ∧ db+ (−1)kda ∧ b.
We now apply the following.
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Lemma 3.6. Let a, b ∈ D′
∗
(X) be currents for which the products da ∧ b and
a∧ db are well defined. Then u = da∧ b+ (−1)deg(a)a∧ db is an exact current, i.e.,
u = dv for some current v on X .
Proof. Choose smooth approximations aǫ, bǫ ∈ E
∗(X) with aǫ → a and bǫ → b as
ǫ → 0. Then daǫ ∧ bǫ + (−1)
deg(a)aǫ ∧ bǫ = d(aǫ ∧ bǫ), and the lemma now follows
from the fact (cf. [deR]) that the range of d is closed. 
We now show that the product is independent of the choice of representatives a
and b chosen. To begin suppose that a˜ = a+ du for some current u. Then
a˜ ∗ b − a ∗ b = du ∧ ψ = d(u ∧ ψ)
and so a˜ ∗ b and a ∗ b define the same class in ÎH
∗
(X).
Suppose now that a˜ = a+Q where Q is locally rectifiable, and write da = φ−R
and da˜ = φ − R˜ as in 1.5. Note that by hypothesis dQ = da˜ − da = R − R˜ meets
S properly. Using a deformation which keeps dQ fixed can find Q˜ = Q+ dσ where
Q˜ meets S properly. Using the paragraph above and the second definition of the
product we have
a˜ ∗ b − a ∗ b = (a˜+ dσ) ∗ b − a ∗ b
= Q˜ ∧ S ≡ 0 in ÎH
∗
(X).
This shows that the product [a∗b] is independent of the choice of a ∈ [a] ∈ ÎH
k
(X).
The argument for b is completely analogous.
A direct calculation using (3.3) now shows that
(3.7) α ∗ β = (−1)(k+1)(ℓ+1)β∗˜α ≡ (−1)(k+1)(ℓ+1)β∗α
and the multiplication is graded-commutative as claimed. 
§4. Cheeger-Simons characters. In their fundamental paper [CS] Cheeger and
Simons defined the differential characters of degree k with coefficients in R/Z on a
manifold X to be the group
Ĥk(X ;R/Z) =
{
h ∈ Hom(Zk(X),R/Z) : δh ≡ φ (modZ) for some φ ∈ E
k+1(X)
}
where Zk(X) denotes the smooth singular k-chains on X with Z-coefficients and δ
the standard codifferential. The first result of this section is the following.
Theorem 4.1. For any manifold X there is a natural isomorphism
Ψ : ÎH
k
(X)
∼=
−→ Ĥk(X ;R/Z)
induced by integration.
To define the homomorphism Ψ we will need the following.
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Proposition 4.2. Given any class α ∈ ÎH
k
(X) and any Z ∈ Zk(X), there is
a representative spark a ∈ α which is smooth on a neighborhood of supp(Z).
Furthermore, given any two such representives a, a′ ∈ α, one has that∫
Z
a ≡
∫
Z
a′ (mod Z).
Definition 4.3. Given α ∈ ÎH
k
(X) and Z ∈ Zk(X) we define
Ψ(α)(Z) =
∫
Z
a (mod Z)
where a is chosen as in Proposition 4.2. By 4.2 it is clear that Ψ(α) is well defined
and that Ψ defines a homomorphism into S1 = R/Z.
Proof of 4.2. We begin with the following assertion which is of independent
interest.
Lemma 4.4. Given any locally rectifiable cycle R ∈ δ2(α) ∈ H
k+1(X ; Z), there is
an L1loc spark a ∈ α such that da = δ1(α)−R.
Proof. By Proposition 2.6 there exists an L1loc-form a˜ ∈ α with da˜ = φ − R0
where φ = δ1(α) is a smooth form and R0 is a locally rectifiable cycle of dimension
n− k − 1. Since the integral cohomology class of R0 is δ2(α), there exists a locally
rectifiable current S with dS = R0−R. The current a˜+S is flat and can be written
as a + db where a and b are L1loc-forms (cf. (1.1)). Then a ∈ α has the asserted
properties. 
Now the C∞-singular chains over Z map to the rectifiable (in fact, integral)
currents and their image computes integral cohomology. For dimensional reasons
we may choose such a cocycle R ∈ δ2(α) with
(4.5) supp(R) ∩ supp(Z) = ∅.
We then choose a ∈ α as in Lemma 4.4. In Ω ≡ X − supp(R) we have da = φ, a
smooth form.
Lemma 4.6. Given a ∈ Ek
L1
loc
(Ω) such that da is smooth, there exists b ∈ Ek−1
L1
loc
(X)
such that a− db is smooth.
Proof. This follow directly form the fact that the cohomology of locally flat cur-
rents coincides with the de Rham cohomology of smooth forms [F]. 
Now choose b as in Lemma 4.6, and choose f ∈ C∞0 (Ω) with f ≡ 1 on a neigh-
borhood of the compact subset supp(Z) ⊂ Ω. Set b0 = fb and extend it by zero to
all of X . Then a0 = a− db0 is equivalent to a and is smooth on a neighborhood of
supp(Z).
To prove the second assertion of 4.2 let a′ ∈ α be another such choice. Then we
have
da = φ−R and da′ = φ−R′
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where φ = δ2(α), a and a
′ are both smooth on supp(Z), and R and R′ are C∞-
singular chains. Now d(a − a′) = R′ − R = dS where S is a C∞-singular chain
which we may assume is transversal to Z. Thus (a−a′−S, Z) ≡ (a−a′, Z) mod Z.
However, since [a] = [a′] = α we have a = a′ + S0 + db where S0 is rectifable and b
is flat. This shows that the cycle a − a′ − S is homologous to the rectifiable cycle
S0 − S, and so (a− a
′ − S, Z) ≡ 0 mod Z as desired. 
Note that the arguments above actually prove the following.
Corollary 4.7. Fix α ∈ ÎH
k
(X) and Z ∈ Zk(X). Then given any rectifiable cycle
R ∈ δ2(α), whose support is disjoint from supp(Z), there is a representative a ∈ α
with δ2(a) = R which is smooth on a neighborhood of supp(Z).
Proof of Theorem 4.1. We now recall that Theorem 1.1 of [CS] establishes a
functorial short exact sequence:
(4.8) 0 −→
Hk(X ; R)
Hkfree(X ; Z)
−→ Ĥk(X ;R/Z)
δ
−→ Qk+1(X) −→ 0.
One checks directly that the mapping Ψ induces a commutative diagram
(4.9)
0 −−−−→ H
k(X;R)
Hk
free
(X;Z)
−−−−→ ÎH
k
(X)
δ
−−−−→ Qk+1(X) −−−−→ 0y yΨ ‖
0 −−−−→ H
k(X;R)
Hk
free
(X;Z)
−−−−→ Ĥk(X ;R/Z)
δ
−−−−→ Qk+1(X) −−−−→ 0
where the top line is the sequence from 1.11, the bottom line is (4.8), and the left
vertical arrow is an isomorphism. It follows immediately that Ψ is an isomorphism.
This proves the theorem. 
From the definition it is obvious that the Cheeger-Simons characters are a con-
travariant functor on the category of smooth manifolds. What is not obvious is that
they carry a graded ring structure for which δ1 and δ2 are ring homomorphisms.
Such a product was established by Cheeger [C]. Our next result asserts that under
the isomorphism Ψ, our product coincides with the Cheeger product. While our
product is rather straightforward to define, the proof of its coincidence with the
Cheeger product is not trivial. The difficulty stems from the fundamental difference
between the intersection product of cochains, which is local in nature, and the cup
product, which is not (cf. Note C.2).
Theorem 4.10. Under the isomorphism Ψ given in Theorem 4.1, the ∗-product
on ÎH
∗
(X) coincides with the Cheeger product defined on Ĥ∗(X ; R/Z).
Proof. Recall that the additive isomorphism Ψ−1 : Ĥ∗(X ; R/Z) → ÎH
∗
(X) pre-
serves δ1 and δ2 and therefore introduces two ring structures on ÎH
∗
(X) for which
these maps are ring homomorphisms. Thus the biadditive map
ρ : ÎH
∗
(X)× ÎH
∗
(X) −→ ÎH
∗
(X) given by ρ(α, β) ≡ α ∗ β − α∗ˆβ
has the property that
δ1ρ(α, β) = δ2ρ(α, β) = 0
for all α, β. Thus the image of ρ is contained in the subgroup H∗(X ; R)/H∗(X ; Z).
Our next observation is the following.
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Proposition 4.11. If either α or β is represented by a smooth differential form,
then ρ(α, β) = 0.
Proof. Suppose β is represented by a smooth differential ℓ-form b. Via integration
b defines a real cochain which when restricted to cycles gives the character β. Note
that δ1(β) = db ≡ ψ and δ2(β) = 0. Let δ1(α) ≡ φ. Then by the definition given in
[C] we have
α∗ˆβ ≡ (−1)k+1φ ∪ b+E(φ, ψ) mod Z
where E is defined as follows. Let φ1, φ2 be smooth forms of degrees k1, k2 respec-
tively. Let ∆i denote the ith subdivision operator acting on C∞ cubical chains. Let
h be the standard chain homotopy on cubical chains satisfying 1−∆ = ∂ ◦h+h◦∂.
Then E(φ1, φ2) is a real cochain of degree k1+k2+1 defined on a C
∞ cubical chain
c by
E(φ1, φ2)(c) = −
∞∑
i=0
(φ1 ∪ φ2)(h∆
ic).
Cheeger proves that this series converges and when dφ1 = dφ2 = 0, one has
δE(φ1, φ2) = φ1 ∧ φ2 − φ1 ∪ φ2 where δ denotes the coboundary. Recalling that
dφ = 0 and db = ψ we compute that
δE(φ, b)(c) = −
∞∑
i=0
(φ ∪ b)(h∆i∂c) = −
∞∑
i=0
(φ ∪ b)(h∂∆ic)
= −
∞∑
i=0
(φ ∪ b){(1−∆− ∂h)∆ic}
= −
∞∑
i=0
(φ ∪ b){(1−∆)∆ic}+
∞∑
i=0
{d(φ ∪ b)}(h∆ic)
= − lim
n→∞
n∑
i=0
(φ ∪ b){(1−∆)∆ic}+
∞∑
i=0
{d(φ ∪ b)}(h∆ic)
= − lim
n→∞
n∑
i=0
(φ ∪ b)(1−∆n+1c) + (−1)k+1
∞∑
i=0
(φ ∪ db)(h∆ic)
= (φ ∧ b− φ ∪ b)(c) + (−1)kE(φ, ψ).
Therefore,
α∗ˆβ − (−1)kδE(φ, b) = (−1)k+1φ ∪ b+E(φ, ψ)− (−1)k{φ ∧ b− φ ∪ b+ (−1)kE(φ, ψ)}
= (−1)k+1φ ∧ b
= α ∗ β
Consequently, α∗ˆβ and α ∗ β have the same values on cycles and therefore they
define the same differential characters. 
From 1.11 and 1.14 we conclude that ρ descends to a biadditive mapping
ρ˜ : Hk+1(X ; Z)×Hℓ+1(X ; Z) −→ Hk+ℓ+1(X ; R)/Hk+ℓ+1free (X ; Z)
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which we will show to be zero. To compute ρ˜ fix classes (u, v) ∈ Hk+1(X ; Z) ×
Hℓ+1(X ; Z) and choose good cycles R ∈ u and S ∈ v, e.g., cycles from smooth
triangulations such that all simplices in one triangulation are transversal to all
simplices in the other. Let HǫR and HǫS be the smoothing homotopies from 2.8.
We only need to evaluate ρ˜(R, S) on one cycle in each class of Hk+ℓ+1(X ; Z), so we
may assume these cycles are nice with respect to R and S (as above). For such a
cycle Z it is an direct calculation that (HǫR ∗HǫS−HǫR∗ˆHǫS)(Z) −→ 0 as ǫ→ 0.

§5. Dual sequences. As noted in 1.15 the group of characters carries a natural
topology having ÎH
∗
∞ as the connected component of 0, and inducing the standard
C∞-topology on Z∗0 (X) in 1.12. It therefore makes sense to consider the Pontrjagin
dual which we define to be the group
ÎH
k
(X)∗ ≡ Hom
(
ÎH
k
(X), S1
)
of continuous group homomorphisms from ÎH
k
(X) to the circle. The interest-
ing fact is that this dual group sits in two fundamental exact sequences which
resemble the fundamental sequences 1.11 and 1.12 for ÎH
n−k−1
(X) but which are
interchanged under duality.
Here we examine these sequences and lay the groundwork for duality which will
be established next. The symbol Hom shall always denote continuous homomor-
phisms. We assume throughout this section that X is compact, oriented and of
dimension n.
Lemma 5.1. There are natural isomorphisms:
Hom(Hk(X ; Z), S1) ∼= Hn−k(X ; S1) (Poincare´ Duality)
Hom
(
Hk(X ; R)
Hkfree(X ; Z)
, S1
)
∼= Hn−kfree (X ; Z)
Hom(dEk(X), S1) ∼= dD′
n−k−1
(X)
Proof. By Pontrjagin duality, classical Poincare´ duality,Hk(X ; Z) ∼= Hn−k(X ; Z),
is equivalent to Hom(Hk(X ; Z), S1) ∼= Hom(Hn−k(X ; Z), S
1). By the Universal
Coefficient Theorem, Hom(Hn−k(X ; Z), S
1) ∼= Hn−k(X ; S1). This proves the first
assertion.
To prove the second assertion we recall that if Λ ⊂ Rm is a lattice of full rank,
then
(5.2)
Hom(Rm/Λ, S1) ∼= Hom(Λ,Z) and Hom(Λ, S1) ∼= Hom(Λ,R)/Hom(Λ,Z).
Now by (5.2) and Poincare´ duality we have Hom
(
Hk(X;R)
Hk
free
(X;Z)
, S1
)
∼= Hom(Hkfree(X ; Z),Z)
∼=
Hom(Hn−k(X ; Z)free, Z) ∼= H
n−k
free (X ; Z).
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For the third assertion first note that Hom(dEk,R/Z) = Hom(dEk,R) = (dEk)′.
To identify this vector space dual, consider the sequence Ek
d
−→− dEk ⊂ Ek+1. On
any manifold the range of d is closed (cf. [deR]). Hence, by Hahn-Banach the right
hand mapping in the dual sequence (Ek)′ ←֓ (dEk)′ ←−− (Ek+1)′ is surjective.
This composition is exactly the exterior derivative on currents, and so we conclude
that (dEk)′ = d{(Ek+1)′} = d{D′n−k−1}. 
Observation 5.3 There are (non-canonical) group homomorphisms:
ÎH
k
(X) ∼= dEk(X)×
Hk(X ; R)
Hkfree(X ; Z)
×Hk+1(X ; Z)
ÎH
n−k−1
(X) ∼= dEn−k−1(X)×Hn−kfree (X ; Z)×H
n−k−1(X ; S1)
The first follows from 1.11 and the top row of 1.16, and the second from 1.12
and the right column of 1.16. Combined with 5.1 above this justaposition is quite
suggestive. To pin down the implied duality we examine the Pontrjagin duals of
the sequences in §1.
Taking the duals of the sequences 1.11 and 1.16 (top row) gives us
0→ Hom(Hk+1(X ; Z), S1)→ Hom(ÎH
k
(X), S1)→ Hom(ÎH
k
∞(X), S
1)→ 0
0→ Hom(dEk(X), S1)→ Hom(ÎH
k
∞(X), S
1)→ Hom
(
Hk(X ; R)
Hkfree(X ; Z)
, S1
)
→ 0
Applying Lemma 5.1 gives us
Proposition 5.4. There are exact sequences
(5.5) 0→ Hn−k−1(X ; S1)
δ∗2−→ Hom(ÎH
k
(X), S1)
ρ2
−→ Hom(ÎH
k
∞(X), S
1)→ 0
(5.6) 0→ dD′
n−k−1
(X)
δ∗1−→ Hom(ÎH
k
∞(X), S
1)
ρ1
−→ Hn−kfree (X ; Z)→ 0
Similarly, taking the duals of 1.12 and 1.16 (right column) and then applying
Lemma 5.1 and Pontrjagin duality gives
Proposition 5.7. There are exact sequences
(5.8) 0→ Hom(Zk+10 (X), S
1)
δ∗1−→ Hom(ÎH
k
(X), S1)
ρ1
−→ Hn−k(X ; Z)→ 0
(5.9) 0→
Hn−k−1(X ; R)
Hn−k−1free (X ; Z)
→ Hom(Zk+10 (X), S
1) −→ dD′
n−k−1
(X)→ 0
We now come to a central concept in this paper.
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Definition 5.10. A homomorphism h : ÎH
k
∞(X)→ S
1 is called smooth if there
exists a smooth form ω ∈ Zn−k0 (X) such that
(5.11) h(α) ≡
∫
X
a ∧ ω (mod Z)
for a ∈ α. One checks easily that the right hand side is independent of the choice
of a ∈ α. Let Hom∞(ÎH
k
∞(X), S
1) denote the group of all such homomorphisms.
We then define the smooth Pontrjagin dual of ÎH
k
(X) to be the group
Hom∞(ÎH
k
(X), S1)
def
= ρ−12 Hom∞(ÎH
k
∞(X), S
1)
where ρ2 is the restriction homomorphism in (5.5).
The obvious map induces an isomorphism Zn−k0 (X)
∼= Hom∞(ÎH
k
∞(X), S
1)
and the restriction of (5.6) to the smooth homomorphisms becomes
(5.12) 0→ dEn−k−1(X)→ Hom∞(ÎH
k
∞(X), S
1)→ Hn−kfree (X ; Z)→ 0
Let Hom∞(Z
ℓ
0(X), S
1) = Hom(Zℓ0(X), S
1) ∩ Hom∞(ÎH
ℓ−1
(X), S1) in (5.8). Re-
stricting (5.9) gives a short exact sequence
(5.13) 0→
Hn−k−1(X ; R)
Hn−k−1free (X ; Z)
→ Hom∞(Z
k+1
0 (X), S
1) −→ dEn−k−1(X)→ 0
Proposition 5.14. There are natural isomorphisms
Zn−k0 (X)
∼= Hom∞(ÎH
k
∞(X), S
1) and ÎH
n−k−1
∞ (X)
∼= Hom∞(Z
k+1
0 (X), S
1)
Proof. The first isomorphism is noted above. For the second we define a mapping
ÎH
n−k−1
∞ (X) → Hom∞(Z
k+1
0 (X), S
1) by formula (5.11) above. Note again that
this integral mod Z does not depend on the choice of representative a ∈ α ∈
ÎH
n−k−1
∞ (X). We then observe that this mapping induces a mapping of short exact
sequences
0 −−−−→ H
n−k−1(X,R)
H
n−k−1
free
(X,Z)
−−−−→ ÎH
n−k−1
∞ (X)
δ1−−−−→ dEn−k−1(X) −−−−→ 0
∼=
y y y∼=
0 −−−−→ H
n−k−1(X;R)
Hn−k−1
free
(X;Z)
−−−−→ Hom∞(Z
k+1
0 (X), S
1) −−−−→ dEn−k−1(X) −−−−→ 0
from 1.16 (top row) to (5.13). The right and left vertical maps are isomorphisms
and so therefore is the middle. 
This leads to the main result of this section.
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Theorem 5.15. If X is compact and oriented, there are short exact sequences:
0 −→ Hn−k−1(X ; S1) −→ Hom∞
(
ÎH
k
(X), S1
)
ρ2
−→ Zn−k0 (X) −→ 0,
0 −→ ÎH
n−k−1
∞ (X) −→ Hom∞
(
ÎH
k
(X), S1
)
ρ1
−→ Hn−k(X ; Z) −→ 0,
Proof. The first comes from (5.5) and 5.14; the second from (5.8) and 5.14. 
§6. Duality for Differential Characters. Let X be a compact connected ori-
ented manifold of dimension n. Then the top character group ÎH
n
(X) = D′n(X)/{dD′n−1(X)+
IFn(X)} is easily seen to satisfy
ÎH
n
(X) ∼= Hom(Zn(X),R/Z) ∼= Hom(Z,R/Z) ∼= R/Z
As noted in Remark 1.15 each group of de Rham characters has a natural topology.
In what follows Hom shall always denote continuous group homomorphisms.
Definition 6.1. For each integer k, 0 ≤ k < n we define the duality mapping
D : ÎH
n−k−1
(X) −→ ÎH
k
(X)∗ ≡ Hom∞
(
ÎH
k
(X),R/Z
)
by
D(α)(β)
def
= α ∗ β ∈ ÎH
n
(X) = R/Z.
Theorem 6.2. (Poincare´-Pontrjagin Duality for Characters). The duality
mapping D is an isomorphism.
Proof. Given a ∈ α ∈ ÎH
n−k−1
(X) and b ∈ β ∈ ÎH
k
(X) we write da = d1a − d2a
and db = d1b − d2b where d1a, d1b are smooth and d2a, d2b are rectifiable. Then
(3.3) can be rewritten
(6.3) a ∗ b = a ∧ d1b+ (−1)
k+1d2a ∧ b
(6.4) a∗˜b = a ∧ d2b+ (−1)
k+1d1a ∧ b
It is easily seen that a and b can be chosen so that the terms in these equations
are well defined. Indeed, since dim d2a + dim d2b = n − 1, we may choose a and b
with supp(d2a) ∩ supp(d2b) = ∅, and then by Corollary 4.7 we may assume that a
is smooth on supp(d2b) and b is smooth on supp(d2a).
Consider now the composition ρ1 ◦D : ÎH
n−k−1
(X) −→ Zn−k0 (X). Note that ρ1
is defined by restriction of homomorphisms to the subgoup ker δ2 ⊂ ÎH
k
(X). Now
if δ2β = 0, we may choose b ∈ β to be a smooth form. In particular, d2b = 0 and
by (6.4)
D(a)(b) = (−1)k+1d1a ∧ b
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which implies that
(6.5) ρ1 ◦ D = (−1)
k+1d1.
Similarly we have the composition ρ2 ◦ D : ÎH
n−k−1
(X) −→ Hn−k(X ; Z) where
ρ2 is defined by restriction to ker δ1. If δ1β = 0, we may choose b ∈ β with d1b = 0,
and by (6.3) we have
D(a)(b) = (−1)k+1d2a ∧ b.
This shows that
(6.6) ρ2 ◦ D = (−1)
k+1d2.
Combining (6.5) and (6.6) and using Theorem 5.15 we get a commutative dia-
gram:
0 −−−−→ H
n−k−1(X;R)
H
n−k−1
free
(X;Z)
−−−−→ ÎH
n−k−1
(X)
δ=(δ1,δ2)
−−−−−−→ Rn−k(X) −−−−→ 0
ǫ
y y y(−1)k+1
0 −−−−→ H
n−k−1(X;R)
Hn−k−1
free
(X;Z)
−−−−→ Hom∞
(
ÎH
k
(X), R/Z
)
ρ=(ρ1,ρ2)
−−−−−−→ Rn−k(X) −−−−→ 0
It remains to show that the mapping ǫ is an isomorphism. However, this map
asociates to a smooth closed (n− k − 1)-form ψ the element
[ψ] ∈ Hn−k−1(X ; R)/Hn−k−1free (X ; Z)
∼= Hom(Hn−k−1(X ; Z)free, R/Z)
given by
[ψ](z) ≡
∫
z
ψ (mod Z).
This map is clearly an isomorphism. 
A Second Proof of Duality. We present here a second proof of Theorem 6.2
which does not use the dual sequences. This argument will be used in a subsequent
article to establish a general “Alexander-Pontrjagin” duality for characters.
We first prove that the pairing is non-degenerate. Fix α ∈ ÎH
n−k−1
(X) and
assume that
(α ∗ β) [X ] = 0
for all β ∈ ÎH
k
(X). We shall prove that α = 0.
To begin consider a class β which is represented by a smooth form b. Then
(α ∗ β)[X ] = (−1)n−k
∫
X
δ1α ∧ b ≡ 0 (mod Z).
Since this holds for all smooth k-forms b, we conclude that δ1α = 0. Hence, there
is a representative a ∈ α with da = R a rectifiable cycle whose integral homology
class is torsion.
24
We shall show that this homology class is zero. Choose a class u ∈ Hk+1(X ; Z)tor
of order m, and let T be a rectifiable cycle with [T ] = u. Since m[T ] = 0 there
exists a rectifiable current S of degree k with mT = dS. Set β = [ 1
m
S] ∈ ÎH
k
(X)
and note that δ1β = 0. Now
(α ∗ β)[X ] = (−1)n−k(d2a ∧ b)[X ] = (−1)
n−k(R ∧ 1
m
S)[X ]
= (−1)n−k 1
m
{intersection number of R with S}
= (−1)n−kLk([R], u)
≡ 0 (mod Z)
where Lk denotes the Seifert-deRham linking number. Since this holds for all u,
the non-degeneracy of this linking pairing on torsion cycles implies that [R] = 0 in
Hn−k(X ; Z). Hence δ2α = 0 and so after adding an exact current we may assume
that a is a smooth d-closed differential form of degree n− k − 1.
Now choose any class v ∈ Hk+1(X ; Z) ∼= Hn−k−1(X ; Z) and let S be a rectifiable
cycle in v. Let φ be a smooth d-closed form representing v⊗R and choose a current
b with db = φ− S. Let β = [b] ∈ ÎH
k
(X). Then
(α ∗ [b])[X ] = (a ∧ d2b)[X ] ≡
∫
S
a ≡ 0 (mod Z).
Hence, [a] = 0 in Hn−k−1(X ; R)/Hn−k−1free (X ; Z) = ker δ, and so α = 0 as claimed.
By the commutativity of the ∗-product we may interchange α and β above and
conclude that the pairing is non-degenerate as asserted.
Finally we recall that ÎH
k
∞(X) ⊂ ÎH
k
(X) is a closed subgroup with discrete
quotient, and ÎH
k
∞(X)
∼= Ek(X)/Zk0 (X)
∼= dEk(X) ⊕ {Hk(X ; R)/Hkfree(X ; Z)}.
Recall, by Lemma 5.1 that
Hom(dEk(X), S1) = dD′
n−k−1
(X).
It follows that the image of the homomorphism D consists exactly of the smooth
homomorphisms. 
Remark 6.7. Evaluation homomorphisms lie at the edge of the smooth
dual. Note that for any rectifiable cycle Z of dimension k there is a natural
evaluation homomorphism
hZ : ÎH
k
(X) −→ S1 given by hZ(β) ≡ Ψ(β)(Z)
where Ψ is the map to Cheeger-Simons characters defined in §4. These homomor-
phisms are not in the smooth dual of ÎH
k
(X), however they lie at the boundary
of the smooth dual. In fact elements of the smooth dual can all be considered as
generalized smoothing homotopies associated to these homomorphisms. To see this
let a ∈ Sn−k−1(X) be an L1loc-spark which satisfies the equation
da = ψ − Z
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for a smooth (n−k)-form ψ. Fix β ∈ ÎH
k
(X) and choose an L1loc-spark b ∈ β which
is smooth on a neighborhood of supp(Z) with spark equation db = φ−R. Then by
3.2
(6.8)
(α ∗ β) [X ] ≡
∫
X
a ∧ ψ + hZ(β) (mod Z)
≡
∫
R
a+
∫
X
φ ∧ b (mod Z)
where α = 〈a〉 and where we assume a to be smooth on supp(R).
Now suppose we take a family of Federer smoothing homotopies aǫ = Hǫ(Z) as
in 2.8. Then aǫ is an L
1
loc-form of degree n−k−1 with support in an ǫ-neighborhood
of Z. It satisfies the equation
daǫ = Zǫ − Z
where Zǫ is a smooth (n− k)-form which is a local smoothing of the cycle Z. This
family has the property that
lim
ǫ→0
aǫ = 0 in the flat topology
and in particular
lim
ǫ→0
Zǫ = Z
Now supp (Z) ∩ supp (R) = ∅ since b is smooth near Z. Hence supp (aǫ) ∩
supp (R) = ∅ for all ǫ sufficiently small. With αǫ = 〈aǫ〉, equation (6.8) becomes
(6.9)
(αǫ ∗ β) [X ] ≡
∫
X
ae ∧ ψ + hZ(β) (mod Z)
≡
∫
X
Zǫ ∧ b (mod Z)
and we see (in two ways) that as ǫ → 0 the smooth homomorphisms (aǫ ∗ •)[X ]
converge to hZ . Thus the evaluation homomorphisms lie at the boundary of the
smooth ones.
§7. Examples. We examine the groups of differential characters on some stan-
dard spaces to illustrate the duality established above. Given a closed subspace
V of differential forms, let V ′∞ = Hom∞(V, S
1) = Hom∞(V,R) denote the smooth
Pontrjagin dual of V . We begin with the following basic observation.
Lemma 7.1. let X be a compact oriented manifold of dimension n. Then for each
k,
{dEk(X)}′∞ = dE
n−k−1(X).
Proof. By Lemma 5.1 we know that (dEk)′ = dD′n−k−1 ⊂ D′n−k. Hence, (dEk)′∞ =
(Ek)′∞ ∩ dD
′n−k−1 = En−k ∩ dD′n−k−1 = dEn−k−1 since by the basic results of de
Rham any smooth form which is weakly exact is smoothly exact. 
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Example 7.2. (Surfaces). Let Σ be a compact oriented surface of genus g. The
duality result asserts that ÎH
1
(Σ) is the smooth Pontrjagin dual of ÎH
0
(Σ). We see
this explicitly as follows. From 1.14 we have the (split) short exact sequences
0→
H1(Σ; R)
H1(Σ; Z)
→ÎH
1
(Σ)→ dE1(Σ)× Z→ 0
0→
H0(Σ; R)
H0(Σ; Z)
→ÎH
0
(Σ)→ dE0(Σ)× Z2g → 0
from which we deduce that
ÎH
1
(Σ) ∼= (S1)2g × Z× dE1(Σ) and ÎH
0
(Σ) ∼= Z2g × S1 × dE0(Σ)
Example 7.3. (3-manifolds). Let M be a compact oriented 3-manifold. Then
by Observation 5.3, ÎH
1
(M) ∼= {H1(M ; R)/H1(M ; Z)free}×dE
1×H2(M ; Z) which
using Poincare´ duality can be rewritten
ÎH
1
(M) ∼= Hom(H1(M ; Z)free, S
1)×H1(M ; Z)free × dE
1(M)×H1(M ; Z)torsion
where (via 7.1) the self-duality is manifest.
Example 7.4. (Complex Projective Space Pn
C
). If X = Pn
C
, we see that
Hk(X ; R)
Hk(X ; Z)
=
{
S1 if k is even
0 if k is odd.
and
Zk+10 (X) =
{
dEk(X) if k is even
Z× dEk(X) if k is odd.
From 1.14 we then compute the following:
k ÎH
k
(X)
−1 Z
0 S1 × dE0
1 Z× dE1
2 S1 × dE2
3 Z× dE3
· ·
· ·
· ·
2n− 3 Z× dE2n−3
2n− 2 S1 × dE2n−2
2n− 1 Z× dE2n−1
2n S1
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Example 7.5. (Real Projective Space P2n+1
R
) Proceeding as above we calculate
that when X = P2n+1
R
, one has
k ÎH
k
(X)
−1 Z
0 S1 × dE0
1 Z2 × dE
1
2 dE2
3 Z2 × dE
3
4 dE4
5 Z2 × dE
5
6 dE6
· ·
· ·
· ·
2n− 4 dE2n−4
2n− 3 Z2 × dE
2n−3
2n− 2 dE2n−2
2n− 1 Z2 × dE
2n−1
2n− 0 Z× dE2n
2n+ 1 S1
Recall that Hom(Z2, S
1) = Z2.
Example 7.6. (Products of projective spaces). When X = P2
C
×P2
C
, we find
that:
k ÎH
k
(X)
−1 Z
0 S1 × dE0
1 Z× Z× dE1
2 S1 × S1 × dE2
3 Z× Z× Z× dE3
4 S1 × S1 × S1 × dE4
5 Z× Z× dE5
6 S1 × S1 × dE6
7 Z× dE7
8 S1
§8. Characters with compact support. The theory developed in the previous
sections can be carried through for characters with compact support. This rep-
resents the “homology version” of the theory. Let X be a smooth n-manifold as
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before and let D′
k
cpt(X) ⊂ D
′k(X) denote the currents with compact support
on X . For each of the subspaces W ⊂ D′k(X) introduced in §1, we denote
Wcpt
def
= W ∩ D′
k
cpt(X).
The analogues of statements (1.1) hold for currents with compact support, and one
has
Definition 8.1. (Sparks with compact support)
Skcpt(X)
def
= {a ∈ D′
k
cpt(X) : da = φ−R where φ ∈ E
k+1
cpt (X) and R ∈ IF
k+1
cpt (X)}
Definition 8.2. The space
ÎH
k
cpt(X)
def
= Skcpt(X)/{dD
′k−1
cpt (X) + IF
k
cpt(X)}
will be called the group of de Rham - Federer characters with compact
support on X .
The analogues of Propositions 1.11, 1.12, 1.14 hold for ÎH
k
cpt(X). In particular
we have
Proposition 8.3. There is a functorial short exact sequence
0 −→
Hn−k(X ; R)
Hn−k(X ; Z)free
−→ ÎH
k
cpt(X)
δ
−→ Qk+1cpt (X) −→ 0
where
Qℓcpt(X)
def
=
{
(φ, u) ∈ Zℓ0,cpt(X)×Hn−ℓ(X ; Z) : [φ] = u⊗R
}
The analogues of the results in §2 and §3 carry over to these spaces.
Arguments parallel to those of §4 establish the following. We shall say that a
Cheeger-Simons differential character a : Zk(X) → R/Z has compact support
if there is a compact subset K ⊂ X such that a(Z) = 0 for all cycles Z with
supp(Z) ∩K = ∅.
Theorem 8.4. Let Ĥkcpt(X ;R/Z) ⊂ Ĥ
k(X ;R/Z) denote the subgroup of differ-
ential characters of degree k with compact support on X . Then there is a natural
isomorphism
Ψ : ÎH
k
cpt(X)
∼=
−→ Ĥkcpt(X ;R/Z)
induced by integration.
The definition of the ∗-product given in §3 extends straightforwardly to give a
pairing
(8.5) ∗ : ÎH
k
(X)× ÎH
ℓ
cpt(X) −→ ÎH
k+ℓ+1
cpt (X)
which in particular makes ÎH
∗
cpt(X) a graded commutative ring.
Suppose now that X is connected, oriented, and of dimension n.
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Definition 8.6. For each integer k, 0 ≤ k < n we define duality mappings
D : ÎH
n−k−1
cpt (X) −→ ÎH
k
(X)∗ ≡ Hom∞
(
ÎH
k
(X),R/Z
)
and
D : ÎH
n−k−1
(X) −→ ÎH
k
cpt(X)
∗ ≡ Hom∞
(
ÎH
k
cpt(X),R/Z
)
by
D(α)(β)
def
= α ∗ β ∈ ÎH
n
cpt(X) = R/Z.
where Hom∞(•,R/Z) denotes the smooth homomorphisms, defined as in 5.10.
Theorem 8.7. (Poincare´-Pontrjagin Duality on Non-compact Mani-
folds). For any connected, oriented manifold X the duality mappings above are
isomorphisms.
Proof. The argument follows directly the second proof given in §6. Full details
appear in [HL6]. 
§9. The Thom homomorphism. An interesting feature of the de Rham theory
is that one easily constructs Thom isomorphisms for characters.
Let X be a smooth n-manifold and
π : E −→ X
a smooth oriented riemannian vector bundle of rank d. Once and for all we fix a
compact approximation mode in the sense of [HL1; §I.4]. This amounts to choosing
a C∞-function χ : [0,∞] → [0, 1] with χ(0) = 0, χ′ ≥ 0 and χ(t) ≡ 1 for t ≥ 1.
Then from [HL1; §§IV1-2] we have the following.
Theorem 9.1. (Harvey-Lawson [HL1; §§IV1-2]). To each orthogonal con-
nection DE on E there is a canonically associated Thom form τ ∈ E
d(E) such
that
(1) dτ = 0,
(2) supp(τ) ⊂ D(E) = {e ∈ E : ‖e‖ ≤ 1},
(3) π∗(τ) = 1
(4) τ
∣∣
X
= χ(DE)
where χ(DE) is the Chern-Euler form of DE when d is even and is 0 when d is odd.
There is furthermore a canonically associated Thom spark γ ∈ Ed−1
L1
loc
which is
smooth outside the zero section X ⊂ E, has support in the unit disk bundle D(E)
and satisfies the spark equation
dγ = τ − [X ] on E.
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Remark 9.2. For d even, τ is the Chern-Euler characteristic form of the time-1
pushforward connection on π∗E associated to the tautological cross-section.
Remark 9.3. Since π∗ : E
k+d
cpt (E) −→ E
k
cpt(X) (integration over the fibre), there
is a pull-back map on general currents
π∗ : D′
k
(X) −→ D′
k+d
(E).
This map preserves the properties of local integrability, local rectifiability, local
flatness and local integral flatness.
As a consequence we have an induced homomorphism
π∗ : ÎH
∗
(X) −→ ÎH
∗+d
(E).
We would like the corresponding mapping for the functor ÎH
∗
cpt.
Definition 9.4. We define a Thom mapping
T : Skcpt(X) −→ S
k+d
cpt (E)
as follows. For a ∈ Skcpt(X) write da = φ−R as in 1.5. Then
T (a)
def
= π∗a ∧ τ + (−1)k+d+1π∗(R) ∧ γ
where τ and γ are the Thom form and the Thom spark associated to the connection
in Theorem 9.1. Under a local orthogonal trivialization π−1U ∼= U ×Rd of E we
have π∗R ∼= R× [Rd] and γ = pr∗γ0 where γ0 is the universal Thom spark on R
d.
Thus π∗(R) ∧ γ is well-defined. Note that
(9.5) dT (a) = π∗φ ∧ τ − π∗R ∧ [X ].
Theorem 9.6. Let E −→ X be as above. Then for all k ≥ 0 the Thom mapping
T induces an injective homomorphism
T̂I : ÎH
k
cpt(X) −→ ÎH
k+d
cpt (E)
with the following properties:
(i) T̂I(1) = [γ]
(ii) T̂I(α) = (π∗α) ∗ T̂I(1) = (π∗α) ∗ [γ]
(iii) δ1T̂I(α) = TIdeR(δ1α)
def
= π∗(δ1α) ∧ ω and
δ2T̂I(α) = TI(δ2α)
where TI denotes the Thom isomorphism on integral cohomology.
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Note 9.7. The unit 1 ∈ ÎH
−1
(X) is the deRham character γ0 with
dγ0 = 1− [X ] on X.
Of course, 1 = [X ] and γ0 = 0 as currents. Think of γ0 as the identity spark. Part
(i) says that the image of γ0 is represented by the Thom spark γ which satisfies
dγ = τ − [X ] on E.
The class [γ] ∈ ÎH
d−1
cpt (E) will be called the Thom character.
Note 9.8. Part (ii) states that the Thom homomorphism for characters is a
ÎH
∗
(X)-module mapping. The image is the free rank-1 module generated by the
Thom character.
Note 9.9. Part (iii) states that the differential δ carries the Thom homomorphism
on characters over to the classical Thom isomorphisms.
Proof of Theorem 9.6 We have directly from 3.2 and 9.4 that
T (1) = γ and T (a) = a ∗ γ.
which proves (i) and (ii). Part (iii) follows immediately from (9.5). It remains to
prove that T̂I is injective. For this we observe that T̂I induces a map of the short
exact sequences 8.3 and 1.14:
0 −−−−→ Hn−k(X;R)
Hn−k(X;Z)free
−−−−→ ÎH
k
(X)
δ
−−−−→ Qk+1(X) −−−−→ 0
∼=
y yT̂I yTIdeR×TI
0 −−−−→ Hn−k(E;R)
Hn−k(E;Z)free
−−−−→ ÎH
k+d
cpt (E)
δ
−−−−→ Qk+d+1cpt (E) −−−−→ 0.
The map on the left is a quotient of Thom isomorphisms under Poincare´ duality.
The map on the right is a product of TIdeR(φ) = π
∗(φ)∧τ , which is clearly injective,
and the Thom isomorphism TI on integral cohomology. It follows that T̂I is injective.

Remark 9.10. (Atomic sections). A smooth cross-section s : X → E is called
atomic if, whenever it is written in a local frame e1, ..., ed for E as s = u1e1 +
· · ·+ uded, it has the property that du
I/|u||I| ∈ L1loc for all |I| < d. Associated to
an atomic section s is a codimension-d integrally flat current Div(s) defined by the
vanishing of s [HS]. Any section s with non-degenerate zeros is atomic, and Div(s)
is the manifold defined by s = 0.
If s : X → E is atomic and d is even, then s∗τ = χ(Ds) is the Euler form of the
time-1 push-forward connection Ds associated to s (cf. 9.2). Furthermore, s
∗γ is
the associated Euler spark as defined in [HZ2]. This is a canonical L
1
loc-form on X
which satisfies
ds∗γ = χ(Ds)−Div(s).
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Note that in general
(9.11) s∗T (a) = a ∗ (s∗γ).
We now examine how T̂I changes under a change of connection on E. Suppose D0
and D1 are two orthogonal connections on E with Thom sparks γ0 and γ1 satisfying
dγ0 = τ0 − [X ] and dγ1 = τ1 − [X ]
Consider the convex family of connections Dt = (1 − t)D0 + tD1, and define a
connection D on the bundle E×R −→ X×R by D = Dt+dt⊗ (∂/∂t). Let γ and
τ be the Thom spark and Thom form associated to D. They satisfy the equation
dγ = τ − [X ×R]
Consider the flat current β and the C∞-form γ01 defined by
β
def
= pr∗ (ψγ) and γ10
def
= − pr∗ (ψτ)
where ψ is the characteristic function of E × [0, 1] ⊂ E ×R and pr : E ×R → E
is the projection. Since pr∗(ψ[X × R]) = 0, we see that dβ = pr∗(d(ψγ)) =
γ1 − γ0 + pr∗(ψτ), and so
(9.12) γ1 − γ0 = γ10 + dβ.
Taking d gives the equation
(9.13) τ1 − τ0 = dγ10.
Proposition 9.14. Let T̂Ik be the Thom homomorphism on differential characters
associated to the connection Dk on E for k = 0, 1. Then
T̂I1(α)− T̂I0(α) = π
∗(α) ∗ [γ10]
where [γ10] denotes the character defined by the smooth transgression form γ10.
Proof. From (9.12) we have
T̂I1(α)− T̂I0(α) = π
∗(α) ∗ [γ1]− π
∗(α) ∗ [γ0]
= π∗(α) ∗ ([γ10 + dβ]) = π
∗(α) ∗ ([γ10]). 
§10. Gysin maps. One advantage of the de Rham point of view is that it is
easy to define Gysin maps. For example if f : X → Y is a smooth fibre bundle
with compact oriented fibres of dimension d, then push-forward of currents defines
“Gysin” homomorphisms
(10.1) f! : ÎH
k+d
(X) −→ ÎH
k
(Y ) and f! : ÎH
k+d
cpt (X) −→ ÎH
k
cpt(Y )
This raises the question of whether there exist Gysin maps of differential characters
for more general mappings, and in particular for smooth embeddings. Such maps
do exist – the Thom homomorphism of §9 is a basic example. It depends on a
choice of connection. In general the Gysin homomorphism depends on a choice of
“normal geometry” to the embedding.
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Definition 10.2. Suppose X and Y are manifolds and f : X →֒ Y is a smooth
embedding with oriented normal bundle N . Given an orthogonal connection on N
and a smooth embedding F : N →֒ Y extending f , there is a Gysin homomorphism
f! : ÎH
∗
cpt(X) −→ ÎH
∗+d
cpt (Y ),
where d = dim(Y )− dim(X), defined by
f! = F∗ ◦ T̂I
where T̂I is the Thom homomorphism for N defined in §9.
Example 10.3. Suppose X and Y are riemannian and f : X →֒ Y is an isometric
embedding. Let ρf be the injectivity radius of f , i.e., the sup of the numbers ρ
such that the exponential mapping exp: N → Y is injective on Dρ(N) = {v ∈ N :
‖v‖ ≤ ρ}. Then for any ρ < ρf the mapping F : N → Y given by F = exp ◦µρ
is an embedding on a neighborhood of D1(N) and since the Thom spark of N has
support in D1(N) the composition f! = F∗ ◦ T̂I is well defined.
Definition 10.4. Let f : X → Y be any smooth mapping between compact
oriented manifolds. Assume Y is riemannian with injectivity radius iY . Consider
the smooth embedding γf : X →֒ X × Y defined by graphing γf (x) = (x, f(x))
for x ∈ X . Now the normal bundle N to γf can be identified with the restriction
of TY to γf (X), and we have a canonical identification of {v ∈ N : ‖v‖ < iY }
with a tubular neighborhood of γf (x) ⊂ X × Y which associates to v ∈ Tf(x)Y
the point expf(x)(v). Thus as above we have a canonically defined Gysin mapping
(γf )!. Following Grothendieck we combine this with the projection pr : X×Y → Y
to get a Gysin mapping
f!
def
= pr! ◦ (γf )!
Remark 10.5. IfX and Y are compact and oriented, then Gysin maps for ordinary
cohomology can be defined using Poincare´ duality D : Hk(X ; Z) → Hn−k(X ; Z)
by setting f! = D
−1 ◦ f∗ ◦D. This does not quite work for differential characters
because the inverse D−1 to the duality map is only densely defined. However if
one takes the family of Gysin maps f t! , 0 < t ≤ 1 obtained via the family of Thom
forms τt = ρ
∗
t τ (where ρt is scalar multiplication by t in the normal bundle), then
these maps converge to the “non-smooth character” D−1 ◦ f∗ ◦ D, i.e.,
lim
t→0
D ◦ f t! = f∗ ◦ D
on ÎH
∗
(X)
§11. Morse sparks. Sparks represent differential characters just as forms (or
currents) represent cohomology, and they arise naturally in many situations. Inter-
estingly a rich source of sparks is provided by Morse Theory. In [HL5] it is shown
that for each Morse function f on X there is a subcomplex E∗0,f (X) ⊂ E
∗(X) of
finite codimension with a surjection P : E∗0,f(X) → S
Z
f onto the integral Morse
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complex, which has affine fibres and induces an isomorphism in cohomology. Fur-
thermore, if Z∗0,f (X) ⊂ Z
∗
0 (X) denotes the closed forms in E
∗
0,f (X), then there
is a continuous linear mapping T : Z∗0,f (X) → S
∗−1(X) into the space of sparks
with d(Tφ) = φ − P (φ). This inverts the differential δ1 and canonically splits the
characters on this set. We present below a summary of this construction.
Let f : X → R be a Morse function on a compact manifold and choose a
gradient-like flow ϕt : X → X satisfying the Morse-Stokes Axioms in [HL5] (such
flows always exist). Let Crf denote the set of critical points of f and for each
p ∈ Crf let Sp, Up denote the stable and unstable manifolds of p respectively.
These are manifolds of finite volume in X and so define integral currents [Sp] and
[Up]. Consider the finite-dimensional vector space and the integral lattice inside it
given by
Sf = spanR {[Sp]}p∈Crf and S
Z
f = spanZ {[Sp]}p∈Crf .
Each of these spaces of currents is d invariant and there are natural isomorphisms
H∗(Sf ) ∼= H
∗(X ; R) and H∗(SZf )
∼= H∗(X ; Z)
In fact the continuous linear projection
P : E∗(X) −→ Sf
given by
(11.1) P (φ) =
∑
p∈Crf
{∫
Up
φ
}
[Sp]
is chain homotopic to the identity. That is, there exists a continuous linear mapping
T : E∗(X)→ D′
∗
(X) of degree -1, such that
(11.2) d ◦ T + T ◦ d = I − P.
where I : E∗(X)→ D′∗(X) is the obvious inclusion.
Let us denote by ZSf and ZS
Z
f the cycles in Sf and S
Z
f respectively.
Definition 11.3. Fix an integral cycle R =
∑
np[Sp] ∈ ZS
Z
f . A smooth form
φ ∈ Zk0 (X) is called a Thom form for R if P (φ) = R, i.e., if
∫
Up
φ = np for all p.
Let Z∗0,f (X) = Z
∗
0 (X) ∩ P
−1(ZSZf ) denote the set of all such forms. We now show
that Thom forms exists for every cycle in the Morse complex.
Lemma 11.4. The restricted mapping P : Z∗0,f (X) −→ ZS
Z
f is surjective. Its
fibres are affine subspaces of finite codimension in Z∗0 (X).
Proof. For a Morse-Stokes flow we have that Sp intersects Up transversely in one
point and that Sp∩Up′ = ∅ for all distinct pairs p, p
′ ∈ Crf of the same index. Fix a
cycle R ∈ ZSZf of degree k, and denote by Hǫ(R) the Federer homotopy smoothing
supported in an ǫ-neighborhood of R (See 2.8). Since supp(R) ∩ ∂Up = ∅ for all p
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of index n − k, for ǫ sufficiently small we also have supp(Hǫ(R)) ∩ ∂Up = ∅ for all
such p. Now dHǫ(R) = Rǫ −R where Rǫ is a smooth d-closed k-form. Now∫
Up
Rǫ = (R ∧ [Up])[X ] + (dHǫ(R) ∧ [Up])[X ]
=
∑
p′
np′([Sp′ ] ∧ [Up])[X ] + (Hǫ(R) ∧ ∂[Up])[X ] = np + 0
as desired. Note that P−1(R) is defined by the affine equations
∫
Up
φ = np for all
p ∈ Crf whereas Z
k
0 (X) is defined by the weaker conditions∑
p∈Crf
mp
∫
Up
φ ∈ Z whenever d
(∑
mpUp
)
= 0 and all mp ∈ Z.
This proves the second assertion of the lemma. 
Observe now that there is a commutative diagram
(11.5)
Z∗0,f (X)
⊂
−−−−→ Z∗0 (X)
P
y yP0
ZSZf
pr0
−−−−→ H∗free(X ; Z)
where P0 : Z
∗
0 (X) → Hom(H∗(X ; Z), Z)
∼= H∗free(X ; Z) is the period mapping
and pr0 is the obvious projection. Both P and P0 are surjective with affine fibres.
They represent a “fattening” by smooth forms of free abelian groups ZSZf and
H∗free(X ; Z). Note that Z
∗
0,f (X) = Z
∗
0 (X) if and only if Sf = ZSf , i.e., iff f is a
perfect Morse function and H∗(X ; Z) is torsion-free.
The map T from (11.2) associates a Morse spark to each Thom form on X . This
gives the following.
Theorem 11.6. [HL5] Let f : X → R be a Morse function as above. Then there
is a continuous linear operator of degree -1
T : Z∗0,f (X) −→ S
∗−1(X)
with the property that for each φ ∈ Z∗0,f (X)
d{T (φ)} = φ−
∑
p∈Cr (f)
np [Sp] where np =
∫
Up
φ.
Remark 11.7. Note that T is a right inverse of the mapping d1 : S
∗−1(X) →
Z∗0 (X) on the subset Z
∗
0,f (X), and so it splits the fundamental sequence 1.12 on
this set. To be more explicit we define the subgroup of f-characters:
ÎH
∗
f (X) ≡ δ
−1
1
{
Z∗0,f (X)
}
⊂ ÎH
∗
(X)
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This is a union of subspaces of constant finite codimension in ÎH
∗
(X). The map T
above gives a canonical splitting
ÎH
∗
f (X) = H
∗(X ; S1)×Z∗0,f (X)
under which δ1 becomes projection to the second factor and δ2 = pr ◦P ◦ δ1 where
pr : ZSZf → H
∗(X ; Z) is the projection.
§12. Hodge sparks and riemannian Abel-Jacobi mappings. Another im-
portant source of sparks is provided by Hodge theory. Suppose X is a compact
riemannian manifold. Recall (cf. [HP]) that any current R on X , not just the
L2-forms, has a Hodge decomposition
(12.1) R = H(R) + dd∗G(R) + d∗dG(R)
where H is harmonic projection and G is the Greens operator. Also recall that d
commutes with G, so that if R is a cycle, then dG(R) = 0.
Definition 12.2. Given an integrally flat cycle R ∈ IFk+1(X), we define its
Hodge spark σ(R) ∈ Sk(X) by
σ(R) ≡ −d∗G(R)
and observe that it satisfies the spark equation
(12.3) dσ(R) = H(R)−R
Note that d1 ◦ σ = H and d2 ◦ σ = Id on the space of integrally flat cycles, where
d1 and d2 are the differentials introduced in §1. In particular σ is a right inverse to
d2.
Let σ̂(R) ∈ ÎH
k
(X) denote the differential character corresponding to the Hodge
spark σ(R). Define the kth character Jacobian of X to be the torus
Jack(X) ≡ ker δ ∼= Hk(X ; R)/Hkfree(X ; Z)
contained in ÎH
k
(X). If we restrict σ̂ to the space Bk+1(X) = dIFk(X) = dRk(X)
of integrally flat boundaries then
(12.4) σ̂ : Bk+1(X) → Jack(X).
To see that R = dΓ implies that δ1σ̂(R) = 0 note that H(R) = 0 and apply (12.3).
Obviously δ2(σ̂(R)) = 0. The map σ̂ will be called the character Abel-Jacobi
map.
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Definition 12.5. An integrally flat boundary R = dΓ ∈ Bk+1(X) is linearly
equivalent to zero or a principal boundary if σ̂(R) = 0. Let Bk+1P (X) denote
the space of principal boundaries, and define the kth Picard space of X to be
Pick(X) = Bk+1(X)/Bk+1P (X).
In summary, σ̂ induces an injection (also denoted σ̂) on the quotient Pick(X).
That is
(12.6) Pick(X)
σˆ
→֒ Jack(X).
The character Jacobian is independent of the Riemannian metric on X . However,
fixing a metric, and letting Hark(X) and Hark0(X) denote the spaces of harmonic
k forms and harmonic k forms with integral periods respectively, we have isomor-
phisms
Jack(X) ∼= Hark(X)/Hark0(X)
∼= Harn−k(X)∗/Hn−k(X,Z) ∼= Hom(Har
n−k
0 ,R/Z).
Definition 12.8. The map
σ̂r : B
k+1(X) −→ Hom(Harn−k0 ,R/Z)
induced by σ̂ will be called the kth Riemannian Abel-Jacobi map.
In order to compute σ̂r more explicitly we must find a harmonic spark which is
equivalent to the spark σ(R).
Lemma 12.9. Suppose R = dΓ where Γ is integrally flat. Then the Hodge de-
composition of Γ has the form
(12.10) Γ = H(Γ) + dB − σ(R).
where B = d∗G(Γ)
Proof. Note that d∗dG(Γ) = d∗G(dΓ) = −σ(R). 
Corollary 12.11. The sparks σ(R) andH(Γ) determine the same differential char-
acter, i.e.,
σ̂(R) = Ĥ(Γ) ∈ ÎH
k
(X)
In particular, Ĥ(Γ) is independent of the choice of integrally flat Γ with dΓ = R.
Consequently, the mapping from Bk+1(X) to Hark(X)/Hark0(X) induced by σ̂
is given by sending R = dΓ ∈ Bk+1(X) to H(Γ) ∈ Hark(X). Utilizing the duality
theorem between Hark(X) and Harn−k(X) we see that:
(12.12) σ̂r(R)(θ) ≡
∫
H(Γ) ∧ θ mod Z
for all θ ∈ Harn−k0 (X).
Since θ is d and d∗ closed, equation (12.10) implies that
σ̂r(R)(θ) ≡
∫
Γ
θ mod Z, for all θ ∈ Harn−k0 (X).
Of course, σ̂ and σ̂r have the same kernel, yielding a generalization of a result of
Chatterjee [Cha].
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Proposition 12.14. Let R = dΓ where Γ is integrally flat. Then R is linearly
equivalent to zero if and only if
∫
Γ
θ ∈ Z for all θ ∈ Harn−k0 (X).
Example 12.15. (The case of dimension 0). For each point p ∈ X , considered
as a cycle of degree n, equation (12.3) takes the form dσ(p) = ω − p where ω is
the riemannian volume element nomalized to have total volume one. For any other
point q we have σ(q−p) = σ(q)−σ(p) and the Abel-Jacobi map in this case restricts
to a map
J : X −→ Jacn−1(X)
given by
J(q) = σ̂(q − p) = Ĥ(Γpq)
where Γpq is any smooth curve in X joining p to q. Note that q is linearly equivalent
to p iff
∫
Γpq
θ ≡ 0 mod Z for all harmonic 1-forms θ with integral periods. The map
J extends linearly to all 0-cycles on X and in particular to symmetric powers of X .
This strictly generalizes the classical map defined in Riemann surface theory. For
3-manifolds it appeared in Hitchin’s discussion of gerbes and the mirror symmetry
conjecture [Hi].
Example 12.16. Let X be a compact Ka¨hler n-manifold and denote by Zm,0 the
holomorphic m-chains on X which are homologous to zero. (A holomorphic m-
chain is a rectifiable cycle of the form z =
∑
i ni[Vi] where ni ∈ Z and the Vi are
irreducible complex analytic subvarieties of dimension m.) The restriction of σ̂ to
Zm,0 ⊂ dR2m can be seen to coincide with the classical mapping into the Griffiths
mth intermediate Jacobian
Har2(n−m)−1 /Har
2(n−m)−1
0
∼= (H2m+1,0⊕H2m,1⊕· · ·⊕Hm+1,m)∗/H2m+1(X ; Z)
To see this isomorphism note first that the map φ 7→ hφ defined by hφ(ψ) =
∫
X
φ∧ψ
gives an isomorphism Har2(n−m)−1 /Har
2(n−m)−1
0
∼= (Har2m+1)∗/H2m+1(X ; Z)
and then use the canoncial isomorphism Har2m+1 = H2m+1,0 ⊕ H2m,1 ⊕ · · · ⊕
Hm+1,m.
§13. Characteristic sparks and degeneracy sparks. Sparks occur naturally in
the theory of singular connections developed by the authors in [HL1]. They appear
as canonical coboundary, or “transgression” terms relating the classical Chern-Weil
forms with certain characteristic currents defined by the singularites of a bundle
map. We present some basic examples here.
Suppose that E and F are vector bundles with connection over a manifold X ,
and let G denote the Grassmann compactification of Hom(E, F ). There is a flow ϕt
on G engendered by the flow ϕ˜t(e, f) = (te, f) on E ⊕ F . Constructing operators
like those in §11 from the flow ϕt and applying them to characteristic forms of
the tautological bundle U → G leads to a generalized Chern-Weil theory relating
characteristic forms and singularities of bundle maps α : E → F (See [HL1−4]). In
general, for each characteristic form Φ(Ω) for E or F one obtains a formula of the
type
(13.1) dT = Φ(Ω)−
∑
k
Resk,Φ [Σk(α)]
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where T ∈ Ek
L1
loc
(X), [Σk(α)] is a current defined by the dropping by k of the rank
of α, and Resk,Φ is a smooth residue form defined along Σk(α).
In many important cases the residues are constants. Whenever this is true,
T defines a spark, and so in particular a differential character. Here are some
examples.
Example 13.2 (Euler sparks). Let E be an oriented real vector bundle of
even rank with an orthogonal connection, and let s be a cross-section with non-
degenerate zeros, or more generally an atomic cross-section. Then as pointed out in
Remark 9.10 there is a canonically defined Euler spark σ(s) ∈ En−1
L1
loc
(X) satisfying
the spark equation
dσ(s) = χ(Ω)−Div(s)
where χ(Ω) is the Euler form, which depends on the connection but not on the
section s, and Div(s) depends on s but is independent of the connection. The
comparison formula for Euler sparks (see [HZ2, Thm. 7.6]) says that the Euler
differential character χ̂(E,D) = σ̂(s) determined by σ(s) is independent of the
section s.
Example 13.3 (Chern sparks). Let E be a complex vector bundle of rank n
with unitary connection. Let s = (s0, . . . , sn−k) be a set of n − k + 1 sections
with a well defined linear dependency current ID(s). This is an integrally flat cycle
essentially defined as the locus where s0, . . . , sn−k are linearly dependent (See [HL1,
p.260]). Then there is a canonically defined kth Chern spark Ck ∈ E
2k−1
L1
loc
(X) with
dCk = ck(Ω)− ID(s)
where ck(Ω) is the k
th Chern form of the connection. Here [ID(s)] = ck(E) ∈
H2k(X ;Z).
Example 13.4 (Pontrjagin-Ronga sparks). Let E be a real vector bundle of
rank n with orthogonal connection. Let s = (s1, . . . , sn−2k+2) be a set of sections
of E with a well defined 2-dependency current ID2(s). This is an integrally flat
cycle essentially defined as the locus where dim(span{s1, . . . , sn−2k+2}) ≤ n − 2k
(See [HL2]). Then there is a canonically defined k
th Pontrjagin-Ronga spark
Pk ∈ E
4k−1
L1
loc
(X) with
dPk = pk(Ω)− ID2(s)
where pk(Ω) is the k
th Pontrjagin form of the connection. It was shown by Ronga
[R] that
[ID2(s)] = pk(E) + W2k−1(E)W2k+1(E) ∈ H
4k(X,Z)
where pk denotes the kth integral Pontrjagin class andWj is the jth integer Stiefel-
Whitney class defined by Wj := δ∗(wj−1) where wj−1 is the mod 2 Stiefel-Whitney
class and δ∗ is the Bockstein coboundary from the exact sequence 0 → Z
2
→ Z →
Z2 → 0. The characters determined by Ck and Pk are independent of the choice of
sections (See [HZ2]).
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Example 13.5 (Thom-Porteous sparks). Let α : E → F be a bundle map
between complex vector bundles with unitary connections where rank(E) = m and
rank(F ) = n. Suppose α is k-atomic (See [HL1, p.260]) so the k
th degeneracy
current Σk(α) is well defined. This is an integrally flat cycle which measures the
dropping of α in rank by k. Then there is a canonical kth Thom-Porteous spark
TPk ∈ E
2(m−k)(n−k)−1
L1
loc
(X) with
dTPk = ∆
(m−k)
n−k
{
c(ΩF )c(ΩE)−1
}
− Σk(α)
where ∆
(m−k)
n−k denotes the Shur polynomial in the total Chern form of E − F (See
[HL2]).
There is an analogue of 13.5 for real bundles which involves the Pontrjagin forms.
These degeneracy sparks appear in many geometric situations. For example the
associated degeneracy currents can be measuring:
(i) The higher complex tangencies of an immersion f : X → Z of a real manifold
into
a complex manifold,
(ii) The higher order tangencies of a pair of foliations on X ,
(iii) The higher order singularities of mappings f : X → X ′ between smooth
manifolds,
(iv) The higher degeneracies of k-frame fields,
etc. See [HL2] for a full discussion.
§14. Characters in degree zero. In low dimensions differential characters have
particularly nice interpretations, and so do the corresponding spaces of sparks.
These cases nicely illustrate the relationship between sparks and characters, and
also the duality we have established here.
We begin with degree zero. Recall that ÎH
0
(X) = S0(X)/R0(X) where S0(X)
denotes the space of L1loc-sparks and R
0(X) is the group of rectifiable currents of
degree 0 onX . Note thatR0(X) = L1loc(X,Z), the space of integer-valued functions
in L1loc(X).
For a manifold X let G(X) = C∞(X,S1) denote the smooth maps to the circle
S1 = R/Z (the gauge group for complex line bundles) and define
G˜(X) = {f ∈ L1loc(X) : π ◦ f is smooth}
where π : R→ R/Z is the projection.
Proposition 14.1. The spaces G˜(X) and S0(X) agree as subspaces of L1loc(X).
In particular, there is an isomorphism of short exact sequences:
0 −−−−→ L1loc(X ; Z) −−−−→ G˜(X)
π∗−−−−→ G(X) −−−−→ 0
=
y =y ∼=y
0 −−−−→ L1loc(X ; Z) −−−−→ S
0(X)
q
−−−−→ ÎH
0
(X) −−−−→ 0
where π∗(f) ≡ π ◦ f , and q is the canonical quotient.
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Proof. For each point p ∈ S1 choose r ∈ R with π(r) = p, and let θp : S
1 →
[r, r + 1) be the unique function with π ◦ θp =Id. This L
1
loc-function is smooth
outside p and satisfies the spark equation
(14.2) dθp = Θ− [p]
where Θ is the unit volume (arc-length) form on S1. Given g ∈ G(X), pick p ∈ S1 a
regular value of g. Define f = g∗θp, φ = g
∗Θ, and R = [g−1(p)]. Then the equation
(14.3) df = φ−R
is the pull-back of (14.2) by g. Note that π ◦ f = g. In particular, π∗ is surjective.
Now given any f ∈ G˜(X) such that π ◦ f = g, we see that f = f + f0 with
f0 ∈ L
1
loc(X,Z). Hence, by (14.3), df = φ−R+ df0 and since R+ df0 is integrally
flat, we conclude that G˜(X) ⊂ S0(X).
Now for any given f ∈ S0(X), d1〈f〉 ≡ φ belongs to Z
1
0 (X) and hence φ de-
termines a smooth map g : X → S1, unique up to rotation, with φ = φ = g∗Θ.
Therefore d(f − f) = R − R. This implies that f − f + c ∈ L1loc(X,Z) for some
constant c since R−R is zero in integral cohomology and the kernel of d on D′0 is
the constants. Therefore, S0(X) ⊂ G˜(X). 
Remark 14.4. For every pair (g, p) ∈ G(x)×S1 where p is a regular value of g, the
construction above gives a Z-family of particularly nice sparks f with π∗(f) = g.
Remark 14.5. Note that in this degree regularity implies that every generalized
spark a ∈ D′0(X) is actually in L1loc since da = φ−R is a measure.
We now examine duality in this degree. Note that there is a basic family of
continuous homomorphisms
(14.6) hx : C
∞(X, S1) −→ S1 for x ∈ X
given by hx(g) = g(x). These homomorphisms do not lie in the smooth dual of
ÎH
0
(X). However, as noted in 6.7 any Federer smoothing homotopy of the current
[x] does give a smooth homomorphism. By 2.8, or by standard constructions, there
are families of L1loc (n − 1)-forms aǫ with supp(aǫ) ⊂ Bǫ(x), an ǫ-ball about x in
local coordinates, such that
daǫ = Ωǫ − [x] and lim
ǫ→0
aǫ = 0
where the limit is taken in the flat topology. In particular Ωǫ → [x] as ǫ→ 0. Now
for each f ∈ C∞(X, S1) we have a well-defined integral
hǫ,x(f) ≡
∫
X
fΩǫ (mod Z)
where f : X → R is any lift of f which is continuous on Bǫ(x) ⊃ supp (Ωǫ). By
(6.9) we see that hǫ,x(f) ≡ (aǫ ∗ f). Now each of the homomorphisms
hǫ,x : C
∞(X, S1) −→ S1
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is smooth, and we have that hǫ,x → hx as ǫ→ 0. Thus the homomorphisms (14.6)
lie at the boundary of the smooth ones.
One could consider any spark a ∈ Sn−1(X) with da = Ω−[x], to be a generalized
smoothing homotopy of the point mass [x]. Note that Sn−1(X) is exactly the group
generated by such things. The smooth dual of C∞(X, S1) is exactly the group
generated by these smoothing homotopies. Notice that for f ∈ G˜(X) = S0(X)
with df = φ−R as above, we have by 3.2 that
〈a〉 ∗ 〈f〉 [X ] ≡
∫
X
a ∧ φ+ (−1)nf(x) (mod Z)
≡
∫
R
a+ (−1)n
∫
X
fΩ (mod Z)
where we assume a to be smooth on the support of R (cf. 4.7). This shows explicitly
how the smooth homomorphism corresponding to a character α ∈ ÎH
n−1
(X) differs
from point evaluation on δ2(α) or integration against the form δ1(α).
When H1(X ; Z) = 0, we have C∞(X, S1) = C∞(X)/Z whose smooth dual is
just Zn0 (X) where the pairing is given by integration. In general there is a short
exact sequence
0 −→ C∞(X)/Z −→ C∞(X, S1) −→ H1(X ; Z) −→ 0
whose dual sequence
0←− Zn0 (X)←− Hom∞(C
∞(X, S1), S1)←− Hom(Hn−1(X, Z), S
1)←− 0
corresponds to 1.12.
§15. Characters in degree 1. We now consider degree one. Let E → X be
a smooth complex line bundle with unitary connection D. Then to each atomic
cross-section σ (for example any section which vanishes non-degenerately), there is
a canonically associated spark T (σ) with the property that
(15.1) dT (σ) = c1(Ω)−Div(σ)
where Ω is the curvature form of D ([HL1, II.5]). It is given locally by the formula
(15.2) T (σ) = Re
{
1
2πi
(
ω −
du
u
)}
where σ = ue, De = −ω⊗e, and e is a local section of E with ‖e‖ ≡ 1. The smooth
section σ is defined to be atomic if du/u ∈ L1loc, and by definition
(15.3) Div(σ) = d Re
{
1
2πi
du
u
}
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Denote by L(X) the set of (isomorphism classes of) complex line bundles with
unitary connection up to gauge equivalence on X , and set
L˜(X) = {(E,D, σ) : E, D are as above and σ is an atomic cross-section of E}
Proposition 15.4. There is a commutative diagram
L˜(X)
p
−−−−→ L(X)
T
y ∼=yT0
S1(X)
q
−−−−→ ÎH
1
(X)
where p(E,D, σ) ≡ (E, [D]), q is the canonical quotient, and T0 is an isomorphism.
Proof. The comparison formula for Euler sparks proven in [HZ2, Thm 7.6] says
that the map q ◦ T is independent of the choice of cross-section σ and therefore
descends to the mapping T0. To see that T0 is surjective, fix α ∈ ÎH
1
(X) with
δα = Φ− e. The class e ∈ H2(X ; Z) corresponds to a complex line bundle E on X
and the de Rham class of the smooth form Φ is the real Chern class c1(E). Hence
there exists a unitary connection D on E whose associated Chern form c1(Ω) = Φ.
To see this note that for any unitary connection D′ one has c1(Ω
′) − Φ = dφ for a
smooth real-valued 1-form φ, and then set D = D′ − φ. For any atomic section σ
of E we have δ{α − q ◦ T (σ, E,D)} = 0. Thus by 1.14, α − q ◦ T (σ, E,D) = [ψ] ∈
H1(X ; R)/H1free(X ; Z) for a smooth closed 1-form ψ. By (15.2), T (σ, E,D+ψ) =
T (σ, E,D) + ψ, and so q ◦ T (σ, E,D+ ψ) = α as desired.
We now prove injectivity. Suppose T0(E,D) = 0. Then since δT0(E,D) = 0,
E is topologically trivial and D is flat. Choose a section e of E with ‖e‖ ≡ 1,
i.e., a trivialization of E. Then T (e, E,D) is a smooth, d-closed 1-form whose
class in H1(X ; R)/H1free(X ; Z) represents the holonomy of D. Since this is 0, the
connection is gauge equivalent to the trivial one. 
Remark 15.5. Given any (E,D) ∈ L(X) one can choose a section σ of E with
regular zeros, so that Div(σ) is a smooth submanifold of codimension-2 in X .
These give particularly nice sparks in L˜(X) representing the character associated
to (E,D). They are analogous to the nice sparks constructed in the last section
(cf. (13.4)).
Remark 15.6. Essentially all sparks in S1(X) can be represented by triples (E,D, σ)
where the σ’s are certain measurable sections of the unit circle bundle of E. In par-
ticular all sparks a such that d2a has support of measure zero can be so constructed.
We now consider the dual to ÎH
1
(X) ∼= L(X). As in degree 0 there is a natu-
ral family of continuous homomorphisms which are not smooth; namely for each
piecewise-C1-loop γ in X we have the holonomy mapping
hγ : L(X) −→ S
1.
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The characters ÎH
n−2
(X) represent generalized smoothing homotopies of these ho-
lonomy homomorphisms. They are represented by L1loc-forms a of degree n − 2
with
da = Ω− γ
where γ is such a loop and Ω is a smooth (n− 1)-form.
Notice that for e ≡ (E,D, σ) ∈ L˜(X) whose associated spark T (σ) ∈ S1(X)
satisfies (15.1), we have by 3.2 that
〈a〉 ∗ 〈e〉 [X ] ≡
∫
X
a ∧ c1(Ω) + hγ(e) (mod Z)
≡
∫
Div(σ)
a+
∫
X
Ω ∧ T (σ) (mod Z)
If we take a local Federer family of smoothing homotopies aǫ with daǫ = γǫ − γ
where aǫ is supported in an ǫ-neighborhood of γ and limǫ→0 aǫ = 0 in the flat
topology, the first equation above becomes
〈aǫ〉 ∗ 〈e〉 [X ] ≡
∫
X
aǫ ∧ c1(Ω) + hγ(e) (mod Z)
and we see that as ǫ→ 0 the smooth homomorphisms given by aǫ converge to hγ .
Thus the holonomy homomorphisms lie at the boundary of the smooth ones.
§16. Characters in degree 2 (Gerbes). Differential characters in degree 2
are intimately connected to Gerbes with connection. These objects generalize the
previous two cases, and have been much discussed in the recent literature. We shall
briefly present them and their relationship to characters. For a rounded discussion
with applications see the excellent article of Hitchin [Hi] and the book of Brylinski
[Br].
Just as a manifold is presented by an atlas of coordinate charts, a gerbe X is
presented by Cˇech 2-cocycle with values in S1. Thus the data of a Gerbe is an open
covering {Uα}α∈A of a manifold X (which for simplicity we assume to be acyclic)
and continuous functions
gαβγ : Uα ∩ Uβ ∩ Uγ −→ S
1
with gαβγ = g
−1
βαγ = g
−1
γβα = g
−1
αγβ and satisfying the cocycle condition:
gβγδ · g
−1
αγδ · gαβδ · g
−1
αβγ ≡ 1 on Uα ∩ Uβ ∩ Uγ ∩ Uδ.
Gerbes form an abelian group under “tensor product”, and they can be pulled back
by a continuous map f : Y → X . Gerbes arise naturally in many contexts including
Spinc-geometry, the study of Calabi-Yau manifolds, geometric quantization, and the
topological Brauer group (see [Hi], [Br]). They are most interesting when equipped
with a connection. A connection on the gerbe gαβγ defined on a manifold X
consists of the following:
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(a) φ ∈ E3(X) (called the curvature of the gerbe),
(b) Aα ∈ E
2(Uα) for each α
(c) Aαβ ∈ E
1(Uα ∩ Uβ) for each α, β.
with the property that:
(i) φ = dAα on Uα
(ii) Aβ −Aα = dAαβ on Uα ∩ Uβ
(iii) Aαβ +Aβγ + Aγα = −id log gαβγ on Uα ∩ Uβ ∩ Uγ
Note 16.1. This is “one step up” from a connection on a line bundle. A line
bundle L is presented by a Cˇech 1-cocycle {gαβ} with values in S
1. A connection
on L consists of:
(a′) φ ∈ E2(X) (called the curvature of the line bundle),
(b′) Aα ∈ E
1(Uα) for each α
with the property that:
(i′) φ = dAα on Uα, and
(ii′) Aβ −Aα = −id log gαβ on Uα ∩ Uβ .
A slight modifiction. To make stronger analogy with our de Rham-Federer
theory, we modify the above notion of a gerbe with connection to one which is
essentially equivalent. We now consider a gerbe with connection to be a triple
(16.2) A = ({Aα}, {Aαβ}, {Aαβγ})
where {Aα}, {Aαβ} are as above and Aαβγ ∈ E
0(Uα ∩ Uβ ∩ Uγ) is some choice
Aαβγ = −i log gαβγ
Gauge Equivalence. Two gerbes with connection A and A′ as in (16.2) are said
to be gauge equivalent (written A ∼ A′) if there exist
(a) Bα ∈ E
1(Uα) for each α
(b) Bαβ ∈ E
0(Uα ∩ Uβ) for each α, β.
with the property that:
(i) dBα = Aα −A
′
α on Uα
(ii) Bβ −Bα − dBαβ = Aαβ −A
′
αβ on Uα ∩ Uβ
(iii) Bαβ +Bβγ +Bγα + 2πnαβγ = Aαβγ −A
′
αβγ on Uα ∩Uβ ∩Uγ
where nαβγ is a locally constant integer-valued function. This directly generalizes
the notion of gauge equivalence for line bundles with connection.
The Cˇech-deRhamForm bicomplex. The ideas above can be nicely packaged by
considering the double complex (C∗(U , E∗), ID) of the open cover U = {Uα} where
ID = d + (−1)kδ and δ denotes the Cˇech differential. A gerbe with connection is
then simply an element
A ∈
⊕
j+k=2
Cj(U , Ek)
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which satisfies the equation
(16.3) IDA = φ−R
where
φ ∈ Z0(U ,Z3) ⊂ C0(U , E3) and R ∈ Z3(U , 2πZ) ⊂ C3(U , E0)
Thus φ is a globally defined closed 3-form and R = δ{Aαβγ} is an integral Cˇech
3-cocycle.
Two such creatures A and A′ are gauge equivalent if there exist
B ∈
⊕
j+k=1
Cj(U , Ek) and S ∈ C2(U , 2πZ)
such that
(16.4) A−A′ = IDB + S
Note 16.5. The reader will certainly have noticed the analogy of equation (16.3)
with the spark equation (0.1), and the analogy of (16.4) with the equivalence rela-
tion on sparks introduced in 1.6 and 2.4. Indeed, as one might guess at this point,
gauge equivalence classes of gerbes with connection coincide with differential char-
acters of degree-2. The key to this observation is the following lemma whose proof
is left to the reader.
Lemma 16.6. Let A be a gerbe with connection with IDA = φ−R as above.
(i) If R = 0, then A ∼ (F, 0, 0) where F ∈ E2(X) is a global smooth 2-form.
(ii) If φ = 0, then A ∼ (0, 0, T ) where T ∈ C2(U ,R) is a cochain with constant
coefficients.
The holonomy map. Just as connections on line bundles have holonomy on
each oriented closed curve in X , gerbes with connection have holomony on each
oriented closed surface in X . It is defined as follows. Let Σ ⊂ X be such a surface
and A a gerbe with connection as above. The restriction of A to Σ satisfies the
hypothesis of Lemma 16.6(ii) since φ
∣∣
Σ
= 0. Hence A
∣∣
Σ
∼ (0, 0, T ) where δT ≡ 0
( mod 2πZ). Now T determines Cˇech 2-cocycle on Σ with values in the constant
sheaf 2πR/2πZ = S1, which is unique up to Cˇech coboundaries. Evaluating on the
fundamental cycle [Σ] gives the holonomy
hA(Σ) ∈ H
2(Σ;S1) = S1.
One verifies that the holonomy hA depends only on the gauge equivalence class of
A.
Proposition 16.7. There is a natural equivalence of functors:
ÎH
2
(X) ∼= {gauge equivalence classes of gerbes on X}
In the Cheeger-Simons picture this equivalence associates to a gerbe with connection
A the homomorphism from integral 2-cycles to S1 given by the holonomy hA.
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Remark 16.8. The Cˇech-deRhamForm) presentation of differential characters
sketched here for degree-2 extends easily to all degrees. A theory of this type
was first mentioned in [FW, §6]. Full details will appear in a sequel [HL7] to this
paper.
Obvious question. Is there a direct relationship between the Cˇech-deRhamForm
theory and the de Rham-Federer theory of differential characters? The answer is
yes – there exists a large Cˇech-deRhamCurrent) double complex which presents
differential characters and from which one can distill these two theories as special
cases. Details of this will appear in [HL7].
§17. Some historical remarks on the complex analogue. Jeff Cheeger real-
ized in 1972 that characters could be represented by forms with singularities, and
explicit reference is made to this in [CS]. However, the first appearance of the spark
equation (0.1) occured in the work of Gillet-Soule´ on intersection theory for arith-
metic varieties [GS2]. They began with a smooth complex projective variety X
defined over Z, and introduced currents G of bidegree (k, k), called Green currents,
on X with the property that
(17.1) ddCG = φ− C
where φ is a smooth 2k-form and C is an algebraic cycle of codimension-k on X .
They then divided the group of Green currents by the image of ∂ and ∂ and a
certain subgroup which yields linear equivalence on the cycles C. The resulting
quotient was called the kth arithmetic Chow group of X . These groups formed
a contravariant functor with a non-trivial ring structure which allowed Gillet and
Soule´ to extend previous results of Arakelov, Deligne, Beilinson and others to a
full arithmetic intersection theory. Gillet and Soule´ went on to show that algebraic
bundles with hermitian metrics have refined characteristic classes in these arith-
metic Chow groups [GS3]. Eventually much deep work of Bismut, Gillet, Soule´ and
Lebeau led to a refined “arithmetic” version of the Riemann-Roch-Grothendieck
Theorem [BGS∗], [BL], [GS4] and to arithmetic analogues of the standard conjec-
tures [GS5].
The close similarity of arithmetic Chow groups with differential characters and
the parallel nature of the exact sequences in the two theories led Gillet-Soule´ and
B. Harris to explore the relationship. They realized that the natural analogue of
equation (17.1) in real geometry is the spark equation, and they took this approach
to differential characters. They all realized that for algebraic cycles of degree 0,
differential characters should be related to the Abel-Jacobi mapping into interme-
diate Jacobians. In [GS1] the relationship between the two theories is sketched and,
among other things, a refined version of Riemann-Roch-Grothendieck is proved for
Ka¨hler fibrations. In [H] it is shown that differential characters gave a simplified
and more conceptual approach to certain formulas in algebraic geometry originally
proved by Harris via Chen’s iterated integrals.
The authors came independently to the spark equation while developing the
theory of singular connections and characterstic currents ([HL1−4] and [HZ]) where
they arise quite naturally.
48
Appendix A. Slicing currents by sections of a bundle
Let E → X be a smooth real vector bundle of rank n and let R be p-dimensional
current on X which is either flat or rectifiable. Let v1, ..., vk ∈ Γ(E) be smooth
sections such that
(A.1) span{v1(x), ..., vk(x)} = Ex for all x ∈ X .
Define a map
ψ : X ×Rk → E
by ψ(x, ξ) =
∑
i ξivi(x). This gives a short exact sequence of vector bundles over
X :
0→ F → X ×Rk
ψ
−→ E −→ 0.
Consider the current R˜ ≡ p∗R where p : F → X is the bundle projection. Then R˜
is a flat or rectifiable current (depending on R) of dimension p+ k− n in X ×Rk.
Applying Federer slicing theory [F, 4.3] to the projection π : X ×Rk → Rk gives
the following.
Theorem A.2. The slice
Rξ = 〈R˜, π, ξ〉
exists in Fp−n(X) for almost all ξ ∈ R
k and is rectifiable if R is rectifiable. Fur-
thermore, for almost all ξ ∈ Rk we have
(A.3) dRξ = 〈dR˜, π, ξ〉.
In particular, by (1.1) if R is integrally flat so is Rξ for almost all ξ.
Note that
supp(Rξ) ⊆
{
(x, ξ) ∈ supp(R)×Rk :
∑
ξivi(x) = 0
}
.
Note also that the maps ψ and tψ have the same kernel for all t ∈ R− {0}. Thus
we may reduce our parameter space from Rk to Pk−1
R
.
Appendix B. Intersecting currents
Suppose now that R and S are currents of dimensions p and q respectively on a
compact n-manifold X . Consider R×S ⊂ X×X . Let ∆ ⊂ X×X be the diagonal,
and choose an identification of a tubular neighborhood ∆ǫ of ∆ in X ×X with its
normal bundle N ≡ N(∆) ∼= T (X). Let p : N → ∆ ∼= X be the bundle projection.
Then ∆ ⊂ N is the divisor Div(v0) of the tautological cross-section of p
∗N → N .
We now apply Appendix A to the current (R × S) ∩ ∆ǫ ∼= (R × S) ∩ N and
the bundle p∗N → N . We choose sections v1, ..., vk ∈ Γ(N) which satisfy (A.1)
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and proceed as above using the family (v0, v1, ..., vk). We find that for almost all
ξ = (ξ1, ..., ξk) ∈ R
k sufficiently small the slice (R × S)ξ of R × S by
vξ = v0 +
k∑
i=1
ξivi
exists in Fp+q−n(N) and is rectifiable if R and S are rectifiable. Furthermore, for
almost all ξ we have
(B.1) d{(R× S)ξ} = {d(R× S)}ξ = {(dR)× S + (−1)
n−pR × dS}ξ.
Now since v0 is a transversal cross section of p
∗N we have that for all ‖ξ‖
sufficiently small, Div(vξ) is a small perturbation of the diagonal, and thus
Div(vξ) = graph(fξ)
where fξ : X → X is a diffeomorphism close to the identity.
Definition B.2. We define the intersection
R ∧ (fξ)∗S
of the currents R and (fξ)∗S in X to be the ξ-slice of the current R× S in X ×X .
This exists for almost all ξ ∈ Rk with ‖ξ‖ sufficiently small. Furthermore for almost
all such ξ we have by (B.1) that
(B.3) d{R ∧ (fξ)∗S} = (dR) ∧ (fξ)∗S + (−1)
n−pR ∧ (fξ)∗(dS)
Appendix C. The de Rham-Federer approach to integral cohomology
On any manifold X the complex of integrally flat currents computes the integral
cohomology H∗(X ; Z). This follows from the fact that the sheaves of such currents
give an acyclic resolution of the constant sheaf Z (See [HZ1]). These comments
apply also to the subcomplex of integral currents.
Theorem C.1 (The intersection product on de Rham-Federer H∗(X ; Z)). The
intersection of currents introduced in B.2 gives a densely defined pairing on in-
tegral and on integrally flat currents which descends to an associative, graded-
commutative multiplication on H∗(X ; Z).
Proof. This is a straightforward consequence of Theorem A.2. 
Note C.2. The intersection product on H∗(X ; Z) coincides with the cup product.
Classical facts show that for certain nice subcomplexes of the de Rham-Federer
complex, where intersection is well-defined, the two products agree on cohomology.
Hence they must agree for general de Rham-Federer currents. However, proving
the coincidence of these products in any setting is not trivial. The basic reason
is that the intersection of currents, when defined, is local in nature, generalizing
the wedge product on smooth currents, whereas the cup product of cochains is
not. This important difference makes Cheeger’s definition [C] of the ∗-product on
differential characters non-trivial - it involves an infinite series like the one in §4.
This difference also accounts for the difficulty in §4 of proving the coincidence of
his product with the one introduced here.
50
Note C.3. Federer proves in [F, 4.4] that the complex of integral (or integrally
flat) currents with compact support computes the homology of X . Thus Theorem
A.1 also yields an intersection ring structure onH∗(X ; Z). When X is compact and
oriented, the implied isomorphism Hn−k(X ; Z) ∼= H
k(X ; Z) is Poincare´ duality.
Note C.4. The contravariant functoriality of de Rham-Federer cohomology is an
immediate consequence of its sheaf-theoretic definition. However, this pull-back
can be defined more directly, as we did for characters in 2.9.
Appendix D. The spark product
Theorem D.1. For given sparks α ∈ ÎH
k
(X) and β ∈ ÎH
ℓ
(X) with k + ℓ ≤ n,
there exist representatives a ∈ Fk(X) and b ∈ F ℓ(X) for α and β respectively, with
(D.2) da = φ−R and db = ψ − S
with φ, ψ smooth and R, S rectifible, such that the products a∧ b, a∧S, R∧ b and
R ∧ S are well-defined and flat and R ∧ S is rectifiable.
Proof. Let a ∈ α and b ∈ β be any flat representatives with exterior derivatives
given as in (D.2). Choose ξ as above so that a∧fξ∗b, a∧fξ∗S, R∧fξ∗b and R∧fξ∗S
are well-defined, flat and the last is rectifiable. Note that
d(fξ∗b) = fξ∗ψ − fξ∗S.
Now ψ − fξ∗ψ = dχ where χ is a smooth (ℓ − 1)-form. Therefore, b˜ = fξ∗b + χ
satisfies the equation db˜ = ψ − fξ∗S. Then, since S and fξ∗S are homologous
integral cycles, we have δ〈b˜〉 = δ〈b〉 = δβ. Therefore, by the exact sequence 1.14,
β − 〈b˜〉 = d〈η〉 where η is a smooth d-closed ℓ-form. Hence,
β = 〈fξ∗b+ χ+ η〉
and the flat form b′ ≡ fξ∗b+χ+η has the property that the products a∧b
′, a∧d2b
′,
d2a ∧ b
′ and d2a ∧ d2b
′ are well defined flat currents and the last is rectifiable. 
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